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CHAPTER 0 


BRIEF REVIEW, PRELIMINARIES AND BASIC RESULTS 


0-1. We begin by giving the background for our thesis and 
outlining the main results contained therein. The definitions 
and notations and the results referred to are given in Section 2 
of this chapter. 

Daykin [7 ] raised the problem of characterizing self maos 
on a Hilbert space preserving linearity (Collineations) , that 
is the map under which the images of coll inear points are 
collinear. Daykin [8 ] himself proved that on a real Euclidean 
plane E every non- trivial (i.e. T(E) not a subset of a line) 
continuous collineation map T is affine, and the result was 
used to characterize the maps Ts E -♦ E for which there is an 
a > 0 such that A(Tx,Ty,Tz) < a Z}i(x,y,z) for all x,y, z s e. 

Here A(x,y,z) denotes the area of a triangle formed by x,y and 
z. We may point out here that a similar mapping on subsets 
of R^ was considered by Zamfirescue [32] also. 

In [lO], Daykin and Dugdale introduced a more general 
concept of triangle contractive (TC) self maps of a Hilbert 
space (def. 0.2.1(ii)). They have also given, therein, various 
sufficient conditions for a TC map to have a fixture (Theorems 
0.2 .2(i)-(v) ) . In the same paper they conjectured that 'Every 
TC self map has a fixture (when the space is finite-dimensional)^ 
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For a plane the conjecture was proved by Daykin [9 ]/ and in [l ] 
Arig and Hoa proved the same for an n-dimensional space. In the 
first chapter we have shown that even in an infini.te-diniensional 
Hilbert space H a wide class of TC maps have fixtures. This 
class includes for example non-expansive TC maps# compact TC 
maps/ TC maps which are completely continuous perturbations of 
non-expansive maps and all such maps as are pseudo-contractive. 

In fact/ we have proved that all continuous bounded TC maps 
are 1-ball contractive which has led us to conjecture that all 
TC maps have fixtures. Our main result enables us to extend 
to infinite-dimensional spaces some of the results of [10 J 
concerning fixtures under the assumptions on f such as 'there 
exists a sequence such that I Ix^-f x^^l I -*0' or' there 

exists a sequence of iterates of f converging to a line' 

Rhoades [27 ] has given a definition of a generalized triangle 

contractive (GTC) map f on a Hilbert space H (Definition 0.2.1 

(iii))/ such that every TC map is a GTC map. Proceeding with 

this definition Rhoades could prove some of the results of [lO ] 

such as 'if f has no fixed point then it has atmost one fixed 

n 

line/ and if it has one such line L then {f w} converges to L 
for every w s H' or 'if there is a point p such that every 
neighbourhood of p contains a point x and its image fx/ then 
either p is a fixed point or L(p/fp) is a fixed line containing 
f H ' or 'if H is finite-dimensional and f has a sequence of 
iterates which converges to a line then f has a fixture'. By 
an example he has shown that a discontinuous GTC map may not 
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have a fixture/ whereas it is known that a discontinuous TC map 
necessarily has a fixture. Continuity plays an important role 
in our discussion of the existence of fixtures in general/ which 
is our main theme in a greater part of this thesis* Therefore/ 
we have confined ourselves to TC maps* 

The second chapter dwells on the tetrahedron contractive 
(TTC) self maps of a Hilbert space (Definition 0,2.3 (ii)) - 
about which Daykin and Dugdal'e [lO ] expressed the belief that 
^if tetrahedrons go down then the self map will have a fixed 
point/ line or plane and so on'. However/ it seems that this 
investigation has not been pursued by them. As our main result 
we have proved the existence of fixtures of TTC maps under 
conditions similar to those referred to above for TC maps- We 
have also shown the existence of fixtures under certain 
conditions of a different nature on f such as 'f has a conver- 
gent sequence of iterates' or 'there is a point p such that 
every neighbourhood of p contains a point x and its image fx' * 

Just as in Banach's contraction theorem the sequence of 
iterates of a function starting from any point of the space/ 
converges to the unique fixed point, in the case of a TTC map 
f we have shown that if f has neither a fixed point nor a fixed 
line then it has atmost one fixed plane P/ and the sequence 
of iterates C f^ w} converges to P for any w in the space. Next 
we have discussed the conseejuences of the existence of more 
than one fixture* For example, we have shown that if f has 
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e^tactly one fixed point and one fixed line then its fixed planes/ 
if any, pass through either the fixed point or the fixed line. 

The third chapter is devoted to the study of triangle 
contractive maps in general strictly convex and smooth normed 
linear spaces. Here we need define the area of a triangle- 
The most natural way of defining the area of a triangle formed 
by X/y,z would have been in terms of the lengths of the sides 
and perimeter of the triangle, as [s( s-a) ( s-b) ( s-c) where 

a = lly-zll, b= I I 2 -xl I , c = I lx~yl I and 2s = a+b+c, but 
proceeding with this definition we do not get interesting results. 
We have taken an alternative formula for the area, namely half 
the product of a side and the shortest distance (or perpendicular 
distance) of the opposite vertex from it. To obtain the 
shortest distance we use the Birkhof f-James orthogonality 
(Definition 0.2.6(i)). In this case the area varies with the 
choice of the side and opposite vertex, hence we define the 
area as the triplet, 

A^(x,y,z) = {A(x;y,z), A(y;z,x) , A(zyx,y)} 

1 

where A(x;y,z) = ^ (length of base vector through y and z) 

^ (the shortest distance of x from the base) 

If X is the unique number (by strict convexity) such that 

X- (Xy + (l~X)Z)i, y-z, 

then the shortest distance of x from the base = 1 I x- (Xy+(1- X) z) I I 
andA(x;y,z) I ly-zl 1 I I x-(Xy+(l-X) z) I I . 
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We have one more similar way of defining the area of a 
triangle as the triplet 

A2(x/y/z) = {B(x;y/z)y B(yjz,x)/ B(z;x/y)} 

-1 

where B(x;y,z) = ^ (length of base vector joining y and z) 

X (length of a vector joining x and a point 
in the base so that the base vector is 
orthogonal to this vector) 

= 'I' lly-zll llx-(juy + (l-/j}z)ll 

with y-z 1 x-(My + (1-iOz); here ju is unique since the space 
is smooth. 

An extension of the concept of inner product in a normed 
linear space is generalized inner product/ which gives rise to 
yet one more definition of the area of a triangle as a sextuplet 

A3(x,y/Z) = {C(xjy/Z)/ C(xjZ/y), C(y;Z/x) / 

C(y;x/z)/ C(z;x/y)/ C(z?Y/X)} 

where C(x;y/z) = j llx-yll llz-yll {1 - <x-y/ z-y>^}^^^. 

Here <X“y/Z-y> is the generalized inner product (Definition 0 . 2 . 9 ). 

It is obvious that if the space is an inner product space 
then = A2 = A3 = a unique number. Conversely/ we have shown 
that if any two of the A's in A]_ or any two of the B's in A2 
are equal then orthogonality is symmetric/ and hence if dimen- 
sion is greater than two then it is an inner product space. 

Also if in any normed linear space any two of the C's in, A3 are 
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equal then the space is an inner product space irrespective of 
the dimension. For a two-dimensional space in which ortho- 
gonality is symmetric/ we have proved that the areas and A 2 

of the triangle with vertices (x^/X 2 )/ 

each equal to ^ I (x^y 2 - ^2^1^ ^2^1^ Z 2 ^ 

where coordinates are with respect to two orthogonal vectors. 
This expression for the area is same as that already known for 
an Euclidean plane. Thus we have obtained a characterization 
of a normed linear space X in which the orthogonality is 
symmetric. This adds to the list of characterizations 


already known, for example/ orthogonality is symmetric if and 
only if (i) the rectangular constant m(X) (Definition 0,2.13) 
is i2 (Joly L 20 ])/ or (ii) the Lipschitz constant k(X) of 
radial retraction (Definition 0,2,15) is one (de Pigueiredo and 
Karlovitz [14])/ or (iii) the metric projection bound MPB(x) 
(Definition 0.2.10) is one (Smith Lss]). 


In the second part of third chapter we have defined 
triangle contractive maps of three types corresponding to 
the three areas A^z A 2 and A^ . It is shown thatfor such 
triangle contractive maps (i) absence of continuity implies 
existence of fixtures and (ii) there exists a fixed direction 
such that lines parallel to it are mapped into lines 
parallel to it. Using these two results we have established 
the existence of fixtures for the three types of maps on a 
normed linear space/ under fairly general conditions. 
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There are several geometric characterizations of inner 
product spaces amongst normed linear spaces. In the third 
chapter some such characterizations arose out of our consideration 
of different forms of areas of a triangle. In the fourth 
chapter we give certain refinements of some of the well known 
characterizations. It is known that in a normed linear space 
X if X i. y implies x J_^ y then X is an inner product space. In 
our main result we have proved that it is enough to have the 
above implication for unit vectors. Using this some known 
characterizations due to Day [5/6], Kapoor and Prasad [22] and 
Holub [is], (Theorem 0.2.8( fV ) ) have been improved upon. As 
another corollary we have proved that if 11x11 = llyll =1 and 
X J. y implies I 1 x+y 1 I ^ + I I x-y I 1^ = 2 [llxll^+llyll^] then the 
space is inner product if orthogonality is assumed to be 
symmetric. But sans symmetry we could only prove that the 
space is strictly convex. 

The following two characterizations of uniformly non-square 
Banach spaces (Definition 0.2 .a(iv))appear in the literature ; 

(i) A Banach space X is uniformly non-sguare if and only if 
the Lipschitz constant k(x) of radial retraction is less 
than two (Thele [31]) 

(ii) A Banach space X is uniformly non-square if and only if 
its metric projection bound MPB(X) is less than two 

( Smith [28 ]) . 

Looking at these results, and the characterizations of symmetry 
of orthogonality given by de Figueireds and Karlovitz and by 
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Smith mentioned earlier, we felt that the two numbers namely 

the Lipschitz constant k(X) of radial retraction and the 

metric projection bound MPB(X) may be equal. In the fifth 

chapter we have substantiated our feeling by proving the 

equality. Next we have tried to obtain the values of metric 

projection bound for the space £^(riPB(2.^) ) , and have succeeded 

P P 

2 

in obtaining a formula for MPB(<1^), thus giving rise to some 
interesting questions involving norms. 

XT 

0.2. In this section we present some basic definitions, 
notations and theorems which will be needed in the thesis. 

For all normed linear spaces discussed in this thesis the 
scalars are assumed to be real and their field is denoted by R. 

S denotes the unit sphere in the normed linear space and 0 its 
null element, B^(x) denotes a closed ball with centre at x and 
radius r. The dual of space X is denoted by X*. 

Definition 0.2.1 . H is a Hilbert space , 

(i) For X, y s H, L(x,y) = { ttx + (l-ci.)y ; a e R} is called 
a line through x and y. 

Somie. 

(ii) If f : H - H is such that for/a > 0 and for any x,y,z s H, 

A. 

either fx , fy * fz) < ciA(x,y,z) or llfx-fyll < ailx-yll, 

1 1 fy-fzl 1 < a| ly-zl I and I I fz-f x II < cc| I z-xl I then f 
is called triangle expansion bounded (TEB) . Here if 
0 < a < 1 then f is called triangle contractive (TC) . 
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( iii) A map f ; H -» H is called generalized triangle expansion 
bounded (GTEB) if there exists h > O such that for any 
XyY/ z e H/ either 

A(fX/fy,fz) < h max {A(x,y/z)/ A(fx/fy/z)/ 

LA(x/fy,z) +A(fx,y,z)]} 
or 

I I fy I I < h max { I I x-y 11/ M x- f x 1 I / 1 I y- fy I I / 

I [ I Ix-fyl 1 + 1 ly-fxl I ] } / 

I 1 fy-fzl I < h max { I ly-zl I / lly-fyl I / I I z-fzl I / 

^ [ I 1 y f z I I + I 1 z- f y I I ] } 

and II f z- fx I I < h max { I I z-x I 1 / I I z- f z 1 1 / I I x- fx I I / 

^ [ I I z- fx I I / I I X- f z I I ] } . 

If f is GTEB with 0 < h < 1 then it is called 
generalized triangle contractive (GTC) . 

(iv) A TEB or a TC map is said to have a fixture if there 

is a point z with fz = z (a fixed point) or a line L 

such that fL d L (a fixed line) . 

In the following theorems Daykin and Dugdale [lo] have 
given various sufficient conditions for a TEB or a TC map f 
to have a fixture . 

Theorem 0.2.2(i) If f is TEB but not continuous then fH is 


a part of a fixed line. 
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Theorem 0.2.2(11) . If f is TEB and has a convergent sequence 
of iterates then it has a fixture. 

Theorem 0.2.2(iii) . If f is TO and there is a sequence 
of points in a finite-dimensional space H with I lx^~fx^l I -*■ 0 
then f has a fixture. 

Theorem 0.2.2(iv) . If H is finite-dimensional/ f is TC and 
has a sequence of iterates which converges to a line then f 
has a fixture. 


Theorem 0.2.2(v) . If H is finite-dimensional, f is TC and 
{Xj^} is a sequence of iterates such that lim inf 1 * 
is finite and ^^+2^ ** then f has a fixture. 

Definition 0.2.3 . H is a Hilbert space. 


(i) For X/Y/Z e h, p(x/y,z) = { oc.x+3!^+(l-a-3) z : a ,3 e r} 

is called a plane through x,y and z. 

soTne 

(ii) If f s H -*■ H is such that for^a > 0 and for any x^, X 2 # 
Xj # s H/ either 

V( fXjL / fx2/ fx^ / fx^) < a V(x^ /X2#X2 ,x^) 


(where V(x^ /X 2 /X^ /X^) denotes the volume of the tetra- 
hedron with vertices at x^^ /X 2 /X^ /X^) 
or A( fx^/ fXj / fx^) £ a aCxj^/Xj /X j^) for all i,j and k 

or 1 lfx.-fx,-l I < ai lx.-x. I 1 for all i and j, 

1 J — 1 J , 

then f is called tetrahedron expansion bounded (TTEB), 


and is called tetrahedron contractive (TTC) if 0 < a < 1. 
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(ill) A TTEB or a TTC map f is said to have a fixture if 

there is a s s H with fz = z or a line L with f L C L 
or there is a plane P with f P C P ( fixed plane) . 

In the third chapter and subsequently we have used the 
symbols 11x11 and q(x) alternatively for the facility of 
writing the Gateaux derivative of the norm. The right (left) 
Gateaux derivative of norm functional in the direction of y is 

t / \ T . II x+ty II - I I X I I 

q (x/y) = lim ^ ! — — — 

t - 0+ 


( q' (x/y) = lim 

t - 0- 


I I x+ty M - I I X I I N 
t ^ 


The above two limits exist because q is a convex functional. 

If 

q+(x.y) = ql(x/y) 

we write the common value as q^{x/y) and call it the Gateaux 
derivative of the norm at x in the direction of y. 

The different types of normed linear spaces considered by 
us are defined below : 


Definition 0 . 2 . 4 . X is a normed linear space/ 

(i) X is said to be uniformly convex if and only if given 

e > 0 there exists 6 (®) > 0 such that I I - I I £ l- 6 (e) 
whenever 1 Ix-yl I > e and llxll = llyll = 1 . 

(ii) X is called strictly convex if and only if I Ix+yl I = 
llxll + llyll implies x = ty/ t > 0 whenever x 7^ © and 
y 7^ e. 
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(iii) X is said to be smooth if and only if its norm is Gateaux 
differentiable at every point of the unit sphere S. 

( iv) X is called uniformly non- square if and only if there is 

a positive number § such that there do not exist elements 

X and y of S for which I I I I > 1 - <5 and I I >1-6. 

Definition 0.2.5. If X is a smooth space, then the normalized 
duality map is defined as J ; X - X*, (where for x e X we put 
J(x) = J ® X*)such that J = , J„(x) = MxM^ and 1 U I I = 

(X A-^ JX !X A. 

11x11. For any y e X we put J^(y) = • 

X. X 

Orthogonality and inner product spaces 

The natural definition of orthogonality relation between 
the elements of an inner product space is that x ± y if and only 
if the inner product (x,y) is zero. In a normed linear space X 
other notions of orthogonality have been given which are equivale- 
nt to this in case the norm arises from an inner product. We 
describe them here. 

Definition 0.2. 6 (i). Birkhoff- James orthogonality : x is ortho- 

gonal to y in the sense of Birkhoff- James (xj.y) if and only if 

1 Ix+kyl I _> I Ixl i for all k e r. 

This definition was used by Birkhoff [ 2 ] and by Fortet [l5, 

16 ]. Later on James [l9 ] studied this orthogonality relating 
it to other concepts such as strict convexity, smoothness, weak 
compactness, linear functionals and hypeirplanes. 
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Since we will be mainly using this orthogonality/ by x 
orthogonal to y (or x ± y) we will mean orthogonal in Birkhoff- 
James sense. 

( ii) Isosceles orthogonality s x is orthogonal to y in the 
isosceles sense (x y) if ^nd only if I Ix+yl I = I Ix-yl I * 

(iii) Pythagorean orthogonality x is orthogonal to y in the 

2 

Pythagorean sense (x y) if and only if I Ix+yl I = 

1 Ixl 1^ + 1 lyl I 

It is well-known that orthogonality is homogeneous i-e. x ± y 
implies cxx X 3y for- all a//3 e R; but not symmetric in general i.e. 
X ± y does not necessarily imply y 1 x. The orthogonality is 
called right (left) unique if for each x 0 and y s X/ there 
exisfs only one a such that x X + y (ocx+y lx); it is called 
right (left) additive if 

X X y and x X z ==> x X y+z 

(y X X and z X x ==> y+z X x) . 

The following facts about orthogonality are also well-known; 

Theorem 0.2 .7 (i) . Let X be a normed linear space/ x ^ & and 
y s X. Then there exists a number ct such that x X ctx+y. 

Theorem 0.2.7(ii). x 1 y ==> (J„/y) = 0/ where J is the norma- 
lised duality map , and X is smooth 

Theorem 0.2.7 (iii). (James Ll^]) In a normed linear space 
orthogonality is right (left) unique if and only if the space is 
smooth (strictly convex) . 
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Theorem 0»2.7( iv) ( Sun dare san [29]) In a two dimensional space 

there exist non- zero vectors x and y such that x ± y and 
x+y 1 x-y. 

shall be referring to the following characterizations 
of inner product spaces ; 

Theorem 0.2.8 (i) (Jordan and von Neiimann L 21 ]) A normed linear 
space is an inner product space if for every pair x^y e x, 

I I x+y 11^ + II x-y 11^ = 2 [llxll^ + Ilyil^I 

i.e. in any parallelogram the sum of the squares of the lengths 
of the diagonals is equal to the sum of the squares of the 
lengths of the sides (The parallelogram law). 

■Day [ 5 ] has improved this result in the following ; 

Theorem 0.2.8 (ii) A normed linear space is an inner product 

2 2 

space if I Ix+yl 1 + I Ix-yl 1 = 4 whenever I Ixl I = I lyl I =1. 

Theorem 0.2.8 (iii) (Birkhoff [2], James [19], Day [s]) Let X 
be a normed linear space of dimension greater than two. X is 
an inner product space if and only if the orthogonality is 
symmetric . 

Theorem 0.2.8 (iv) (Day [4,5]/ Kapoor and Prasad [22]/ Holub [is]) 
For a normed linear space X the following are equivalent : 

(a) X is an inner product space 

(b) X y ==> X Ip y 

(c) , X Ip y ==> X y 



15 


(d) ^ -*-p Y X 1 y 

(e) X 1 y ==> X JLp y 

(f) X y ==> X X y 

(g) X X y ==> X X^ y 

Generalized inner product 

Definition 0.2 .9 . The generalized inner product <X/y> of x 

with y is defined to be the right Gateaux derivative of the 

X 2 

convex functional f(x) =2 I 1^1 I / x in the direction of y. 
Thus 

<x,y> = f^(x/y) = llxll q_^(x/y) . 

Tapia [so], Laugwitz [23]/ and Prasad [ 25 ] have given 
different proofs of the fact that the space must be inner product 
whenever generalized inner product <X/y> is linear in x or 
symmetric . 

It is also well-known that if X is a smooth normed linear 
space, then 

(Jx-y) 

11x11 

hence <X/y> = (J ,y) and then x X y <==> <x,y> = 0. 

k-set contractions and related concepts 

In chapters I and II we have studied triangle contractive 
and tetrahedron contractive, maps on an infinite-dimensional 
Hilbert space, por drawing significant conclusions we have to 
impose certain conditions on such maps. This is done using 
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the following definitions and results which we more or less 
reproduce from [24] . 

In all that follows X is a real Banach space; and D a 
boxinded subset of X in Definition 0.2.10. 

Definition 0.2.10 (i) The set measure of non-compactness of D 
is defined as 

r(D) =Inf{d>0s D can be covered by a finite number of 

sets of diameter < di 

It follows that r(D) = r(D) ^ r(XD) = |X| r(D), r(D) < r(Q) 
whenever D C Q with Q bounded, T(D U Q) = max {r(D), "/(Q)} and 
tCd) = 0 if and only if D is compact. 

t 

Closely associated with r is the concept of a k~ set - 
contraction T ; G X defined to be a bounded continuous map 
such that r(T(D)) < k r(D) for each bounded D C. G and some 
constant k > 0. A bounded continuous map T : G X is set- 
condensing (or densifyinq ) if y(t(D)) < 7 (D) for each bounded 
D C. G with 7 ( 0 ) O. It follows that every k- set-contractive 
map with k < 1 is set condensing and that every set condensing 
map is 1- set-contractive (but the reverse Implications do not 
hold) . 

(ii) Analogous to the concept of set measure of non-compactness 
is that of ball measure of non-compactness of D defined by 

x(D) = Inf {r > 0 % D can be covered by a finite nximber of 

balls with centres in X and radius r} . 
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The above mentioned properties of 7 are also valid for x * 
in the case of r , corresponding to x we have k-ball-contractions 
and ball-condensing maps. 

For fixed point theory generally the same argument works 
for maps T ; D -♦ X/ defined either in terms of 7 or in terms 
of X . 

Apart from the above we also need the following notions s 

Definition 0.2.11 ( i) Let D C. X and let T ; D -»■ X such that 
I iTx-Tyl 1 < a| Ix-yl I for x^y s d and some a > O. Then T is 
called contractive if cc < and n on- expan s i ve if a = 1. 

(ii) If T s D - X be such that 

I Ix-yl I < I I (1+r) (x-y) - r(Tx-Ty) I I , 

for all x,y s d and all r > 0, then T is called pseudo-contrac- 
tive mapping . 

This class of maps is more general than the class of non- 
expansive maps/ and it has the useful property [4 ] that T is 
pseudo-contractive if and only if (l-T) is monotonft' i.e. 

(J /(l-T)(x-y)) > 0 for all X/ y s d, where J is the normali- 

X— y 

zed duality map. 

(iii) A continuous mapping T ; D -» X is called locally almost 
non- expansive (lane) if given any x s D and e > 0/ there exists 
a weak neighbourhood N of x in D (depending also on s) for 

1 ITx-Tyl I < I Ix-yl I + £/ for all x^y s N • 


which 
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Before passing on to the relevant results we recall that 

T ; D C. X -♦ X is compact if T is continuous and t(a) is compact 

whenever A is bounded. T is completely continuous (or strongly 

continuous ) if for any sequence in D such that ^ 

D, Tx -» Tx in X as n -* oo, 
n o 

Theorem 0.2.12 (i) Let X be a real Banach space, D a bounded 
open subset of X and T either a 1- set-contractive or 1-ball- 
contractive map of D into X for which the following condition 
holds : 

(a) 'There exists x^ £ D such that if Tx-x^ = cx(x-x^) for some 

X e 3D then a < 1, where aD denotes the boundary of D' . 

Then T has a fixed point in D if and only if T satisfies the 
following condition : 

(b) 'ifCx^} is any sequence in D such that -* 0 as 

, n oo then there exists x' £ D with x'-Tx' =0'. 

Remark In case T is set-condensing or ball-condensing (and, 

in particular, k-set or k-ball contraction with 0 £ k < 1), the 
sufficiency part of Theorem 0.2-12(i) remains valid without the 
assiimption of condition (b) , for the latter is always true for 
this class of mappings - 

Theorem 0.2.12 (ii) Let X be a uniformly convex Banach space, 

D a bounded open convex subset of X, S a non-expansive map of 
D into X, and C a completely continuous map of D into X. If 
the mapping T = S+C s D -♦ X satisfies the condition (a) of 
Theorem 0.2.12(i), then T has a fixed point in D. 
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j'hsorem 0.2»12 (lil) Let X be a uniformly convex Banach space, D 
a bounded open convex subset of X, La 'lane' mapping of 5 into 
X, and C a completely continuous mapping of 5 into X. If the 
mapping T = L+C ; D -» X satisfies (a) of Theorem 0.2.12(i) on 
9D, then T has a fixed point in D. 

Theorem 0.2.12 (iv) Let X be a uniformly convex Banach space and 
let T be a mapping of X into X which is both h- set-contractive 
for some k _> 0 and pseudo-contractive. If there exists a bounded 
open convex subset D of X with 0 in D such thet Tx \x for 
X e 3D and k > 1, then T has a fixed point in X. 

The following theorem occurs in [is] and [26]. 

Theorem 0.2.12 (v) Let H be a Hilbert space and let T : H — H 
be a continuous and either set- con den sing or ball-condensing 
function such that for some r > O, 11x11 = r implies that Tx mx 
for any m > 1. Then T has a fixed point in the closed ball of 
centre 0 and radius r. 

Remark . We have essentially used the results of Theorems 
0.2.12(i) - (iv) in the Hilbert space setting, where D is a 
closed ball. Such results appear elsewhere also, but [24] is 
a survey type paper and gives us the required results at one 
place. 

Rectan gular constant, Lipschitz constant and Metric Pro1 ection 
Bound . — — _ ^ „ 

We now give some definitions and results which have been 
mainly used in Chapter TV and V. 
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Definition 0.2.13 ■■ The rectangular constant of a normed linear 
space X is defined as the number 


m(X) = Sup 
X 1 y 


xl I + 


x+y I 


-Zii 


Joly [_20 ] has shown that ^2 < m(x) < 3 and m(X) = V'2 
implies the symmetry of orthogonality in X, and hence if 
dimension X > 3 then the space is inner product, del Rio and 
Benitez [ll] have proved the following 


Theorem 0.2.14 . X is an inner product space if and only if 

m(x) = i2. 

Definition 0.2.15 . The Lipschitz constant k(X) of a normed 
linear space X is the inf^mum of all numbers k for which 


I ITx-Tyl 1 < k 1 Ix-yl I for all X/y £ X. 

Here T is the radial retraction on the unit ball, defined by 


Tx = x if 11x11 <1 


Definition 0.2.16 . If M is a non-trivial closed proper sub- 
space of a normed linear space X, then the set of best approxi- 
mations to X from M is defined by 

Pj^(x) = Cy e M ; 1 Ix-yl I = d(x,M) ] 

where d(x/M) = Inf { I Ix-yl I ; y e M} . The subspace M is called 
proximinal if Pj^(x) contains atleast one point for every x e X. 
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If M Is proximinal the norm of is defined by 

I ! Pjyj I I = Sup {llyll ; y®Pj^(x)/ 11x11 <!}• 

Now the metric projection bound of X written as MPB(x) is 
defined to be 

MPB(x) = Sup { I IPjyjl I " M proximinal subspace of X} . 



CHAPTER I 


TRIANGLE CONTRACTIVE MAPS IN A HILBERT SPACE 

1.1. Introduction . Daykin and Dugdale conjectured in [lo] 
that fixtures of triangle contractive (TC) maps in finite- 
dimensional Hilbert spaces exist. Daykin himself proved the 
conjecture for a two-dimensional space in [9]# and later on 
Ang and Hoa, in [l], established its truth for any finite- 
dimensional space. In the main result of this chapter we have 
proved the existence of fixtures of TC maps in the infinite- 
dimensional case under fairly general conditions, and thus 
extending some other results of Daykin and Dugdale [lo] regar- 
ding fixtures, for all Hilbert spaces. 

1 . 2 . Preliminaries . Let H be a real Hilbert space. For 
x,y,z e H we denote by A(x,y,z) the area of the triangle 
formed by x,y and z. Let L(y,z) = { dy+Cl-tx) z : cc. e R} be the 
line through y and z- If u,v 6 L(y,z) then it can be easily 
seen that L(u,v) = L(y,z). By 7T(x,L(y,z)) we denote the 
distance of x from L(y,z) . From the geometry of Hilbert space 
we have 

7T(x,L(y,z)) = lix-yli Ll-(x-y,y-z) ^ 

where x-y and y-z denote unit vectors in the direction of x-y 
and y-z. Now we can give an explicit formulation for the 
area of a triangle as 
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2 

aCx/Y/Z) = lly-zll 7r(x/ L(y/Z)) 

= j My-zl I I Ix-yl I L l~(x-y,y-z) ^ 

It can be easily verified that 
I Ix-yl I I ly-zl I [l- (x-y/y-z) 

= My-zl I 1 I z-xl I Ll~ (y“Z/ z~x) ^ 

= ! I z-xl ! I Ix-yl I Ll~(z-X/X-y) 

Hence the area of a triangle is a fixed number. 

A map f ; H -» H is called triangle expansion bounded (TEB) 
if there exists an ci > C such that for any X/y/Z e h either 
A( fx, fy, fz) < a A(x/y, z) / or II fx-fyl I < a II x-yl 1 / II fy-fzl I £ 
a lly-zll and I 1 fz-fxl 1 < a I I z-xl I . If in the above definition 
0 < a < 1 then we say that f is triangle contractive (TC) . 

Definition 1.2.1 . A self map f of a normed linear space X is 
said to have the property (*■) if it satisfies the following 
condition ; 

'Either f has a fixed point or there exists a sequence 
in R X X such that I'x^ll -* oo^ X^ > 1 and 

= h^n'- 

It is known for example, that a map will have the property 
(*) if it has an asymptotic bifurcation point X > 1. We recall 
that X s R is called an asymptotic bifurcation point of a map 
f s X -» X if there exists a sequence in R X such 

that X^ X , I I Xj^ I I and fx^^ = ^n^ Ll 7 ] . 
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The lemma given below lists sufficient conditions on f 
to have the property (*) . 

Lemma 1 »2 .1 . Let f be a continuous map of a Hilbert space 
into itself. Each of the following is a sufficient condition 
on f to have the property ( ; 

( i) f is set-condensing or ball-condensing 

( ii) f = g+h/ where g s H H is non-expansive and h ; H -*■ H 
is completely continuous. 

(iii) f is locally almost non-expansive (lane) or f = g+h where 
g ; H -♦ H is lane and h is completely continuous. 

( iv) f is both pseudo- contractive and k-set contractive for 
some k > 0. 

(v) f is k- set-contractive and I-f is monotone. 

(vi) f is 1-ball— contractive or 1-set— contractive and there 

exists a sequence in H such that I Ix^-fx^^l I -♦ 0 as 

n -*•<». 

Proof . We assume in each case that f has no fixed point, and 
then get the required conclusion by referring to Theorems 
0.2.12(i) - (v) . 

(i) Since f is set-condensing or ball-condensing and has no 

fixed point/ taking r = n (a positive integer) in Theorem 

0.2.12(v) we get the sequence with Mx^ll = n 

and fx_ = where \ > 1. 

n n n n 

(ii) If in Theorem 0.2.12(ii) we take D = {x : I Ixl I < nl, n 
is a positive integer, we get the sequence {(X^,Xj^)} as 


above 
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We proceed in the same way as in (ii) with reference 
to the Theorem 0.2.12(iii). 

Theorem 0.2.12(iv) gives the desired result if we proceed 
as in ( ii) . 

It is known [ 4 ] that I-f is monotone if and only if f is 
pseudo-contractive. Hence (v) is equivalent to ( iv) - 
Here f satisfies the hypothesis of Theorem 0.2.12(i)/ 
hence proceeding as in (ii) we get the sequence 
as required. 

1 .3 . The Main result . The following theorem along with Ijemma 
1.2.1 proves our main result that a large class of TC maps have 
fixtures . 

Theorem 1.3 . 1 . Let f ; H -♦ H be a TC map having the property 
( *) then f has either a fixed point or a fixed line. 

Proof . If f is not continuous then we know (Theorem 0.2.2(i)) 
that there exists a line L such that fH C. L. So we may assume 
that f is continuous. If f has no fixed point then we have for 
each n a > 1 and with I I x^^ I I -*00 and fx^^ = ni^iy 

^n 

assume that x^^ = — j-j- converges weakly to an element w e 

otherwise we pass on to such a subsequence, clearly I Iwl I £ 1* 
For any x s H ancL -[-or j 5 e 1) 

IlfXj^-fxIl > I i fx^ ! I - 1 I fxl I = I 1 Xj^-xl 1 - 1 I x^-xl I I t x^ 1 1 - I 1 fxl I 
> IIXj^-xll + "* ( I I f^cl I +1 I xl I ) 

>A1 IXj^-xl I , when n is sufficiently large. 


( iii) 

(iv) 

(v) 

(vi) 
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Since f is TC, we have for sufficiently large n and X/y £ 

2 A( fx/ fy, fXj^) = 1 I fx-fyl I I I fx- fXj^ I I Ll~ ( fx- fy/ fx- fx^) ^ 

< (X 2A(x,y,Xj^) = CC.I 1 x-y I I 1 I x-x^^ I I [l- (x-y/X-x^^) ^ 

From the above two inequalities we get for x,y £ H and for 
sufficiently large n, 

(1) II fx-fyl I Ll~( fx-fy, fx-fx ) ^ < a| I x-yl I [l-(x-y/X-x ) 

n — |j, n 

X -xtx — fx+fx 

Observing that -ri — Ti — — rr -r-j- i c ' • 

^ I I Xj^ I I I I'XtX^^ I I I l-fx+ fxc i I 

and thuat (b Cari- be arhvt-ray'ily close to one ^ 
Converge weakly to w^ we obtain from (1)/ 

(2) 1 I fx-fyl I [l-( fx-fy/w) ^ < cc| 1 x-yl I [l-(x-y/w) ^ . 

Now taking y = x^^, with n large enough we get 

Ilfx-fXj^ll [l-( fx-fXj^/W) ^] < CClIx-Xj^ll Ll-(x-Xj^/W) # 

hence w 0. Taking limit as n -♦ <»/ I Iwl I =1. 

Let M = L'w]"^/ the subspace orthogonal to w. Let Pjyj denote 
the orthogonal projection onto M. Since I IPj^x-Pj^yl I = 
ll^yll [i-(x-y,w)=T/ 2, the inequality (2) yields 


I IPj^fx-Pjyjfyl I < a| IPj^x-Pj^yl I < a| I x-y I I 


and then by Banach contraction principal there is a fixed point 
of Pjyjf. Let % fz = Zj and L be the line through z parallel to 


w. Take any z' £ L, z' ^ z, then 
inequality (2) gives 


-z 


I I z"-zl I 


= W/ and the 
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1 1 Pjyjf Z-Pj^fz' 1 I = 11 fz-fz' I 1 [ 1- ( fz-fz'#w)^ 

< ailz-z'll [ l-(z-z' ,w) = 0 

Hence Pj^fz = Pjy^fz^ = z. Thus fz^ £ L/ and this shows that L 
is fixed. 

Corollary (Ang and Hoa [l]) In a finite-dimensional Hilbert 
space all TC maps have fixtures. 

Proof . A continuous TC map in a finite-dimensional space has 
the property ( *) , and hence the proof follows from Theorem 1.3.1. 

. Some more result . We now take up the extensions of some 
of the results of Daykin and Dugdale [lo] to the infinite- 
dimensional case. The following theorem being an extension 
of Theorem 0.2.2.(iii) . 

Theorem 1.4.1. if f ; H -* H is TC and there exists a sequence 
iri H such that I I 0 then f has a fixture. 

We first prove two lemmas which we need to prove uhe theorem 

Lemma 1.4.2. Let f ; H H be triangle contractive. If either 
f is not continuous or is not bounded (does not take bounded 
sets into bounded sets) then fH is contained in a line. 

Proof . If f is discontinuous then it is known (T:heorem 0.2.2(i)) 
that fH is contained in a line. 

Suppose Cxj^} is a bounded sequence such that i Ifx^^l 1 -• <». 
Take any x^y £ H such that fx fy. Then for all sufficiently 
large n we must have 
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I I fx- fy I I 11 fx- fx^ II [ 1- ( fx- fy / fx- fx^ ) ^ 

< ai Ix-yl I 1 I x-Xj^ I I [ 1- ( x-y, x-Xj^) ^ 

< a| I x-yl I I I x-Xj^ 1 I . 

Since 1 I x-x^^ 1 I is bounded and I I fx-fXj^l I -» we must have 
( f X- f y , f X- f x^ ) -► 1 as n -* oo. Assuming/ without loss of gerserali- 

t-Y , that fx-fx^ converges weakly to w, we have 


(fx-fy/w) =1/ therefore I Iwl I =1 
and fy-fx = \w i.e. fy = f x + \w. 

This proves that fK is contained in the line through fx and 
p3.ir3.llel to w« 

Lemma 1 .4 .3 . Let f be a bounded continuous TC map on H. Then 
f is l“ball-con tractive. 


Proof. Let D be any bounded subset of H. Let r > 0 and 


n 


® ^ that D C U B^(xj_) . Put = D 0 B^(x^) , 

i=l 

i = 1/2/. ..,n. Assume/ without loss of generality/ that 
fDj_ C Bj^(fx^)/ i = l/2,..-,m/ and fD^ gt B^(fXj^) for i=m+l/.../n. 
Choose y^ such that fy^ e fDj_ B^( fx^) / i = m+l/-../n. Let 
d . = sup I 1 fx . - fy I I 

[r ~ {j~) ] > ar. Let z . . = fx. + j (t-^) w. , i=m+l / . . . /U/ 

J 1 1 1 

f y^~ f X . 

£ J £ where w. = -r-T-r :^= — rr • 

i — 1 111 fy .-fx ■ 1 I 


Choose a positive integer so large that 



29 


m n 

Let z e D such that f z X ( u b^( fx . ) ) U ( U B ( z . . ) ) , 

i=l ^ ^ i=m+l ^ 

“ £ j £ then z s for some i where m+1 £ 1 £ n, and for 

such an i, 

I I fXj_-fyj_ t I > r > M I I / 

hence we must have 

I ar^ < I ar I Ifx^-fy^l i < | [r^-(^)2]l/2 , i 

£ A( fXj_/ fy^/ fz) < a z) 

< I I Ix^-y^l I r < I ar^ 

which is not possible. Thus fD can also be covered by a finite 
number of balls of radius r. Therefore x(f(D)) < X(D), which 
was to be proved. 

Proof of Theorem 1.4.1 . If f is discontinuous or not bounded 
then Lemma 1.4.2 gives the result. If f is continuous and 
bounded then, by Lemma 1.4.3# f is 1-ball contractive and since 
1 IXj^-fXj^l 1 -* 0/ from Lemma 1.2.1(vi) it follows that f has the 
property ( *) . Then Theorem 1.3.1 shows that f has a fixture- 

The following theorem is the infinite-dimensional analo- 
gue of Theorem 0.2.2(iv), its proof runs parallel to the corres- 
ponding theorem but we give it for the sake of completeness. 

Theorem 1.4.4 . Let f be a TC map on H. Suppose that there 
exists a sequence of iterates of f converging to a line L in H, 


then f has a fixture. 
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Proof . Let be a sequence of iterates of f with fx^ “ ^n+1 ' 

converging to the line L. All the points of the sequence are 
distinct/ because otherwise f has a fixed point. If 
lim inf I 1 1 I = 0, then has a subsequence satisfying 

the condition of 'theorem 1.4.1/ and hence f has a fixture. We 
therefore, assume that lim inf 1 ^ 

I i fXj^_^-fx^l I > a| I I I infinitely many n. Assuming 

L is not a fixed line, p e L such that fp ^ L. We consider two c^tS 

Cagg X i* boundad# Sine® is bound«d and conirnrges t 

to th® lln# I»# it >»s a gubs«<|ttenc« idiich can be ren«»«d as Cn^jl 
converging to a |»©int w of li. also converg«e if is caatinnonsri^ 

and it eoovergros to fw t !#• If fw ^ w then 

^ hence a choice of n is possible s^h that 

and a( fp) > ^ 

which contradicts that f is TC, and so L is fixed. 

Case II . Cx^} is unbounded. Choose e > 0 very small such that 

e < 7T(fp/L), and choose an integer k such that 7 t(x^/L) < e and 

n:(fX]^/L) < £. Since is unbounded, we can get a subsequence 

{x } such that 1 I x-^-x II -* <» as i - and I ^ 

ri^ n^ 

1 tx, -x 11 for all i. Hence for sufficiently large i, 
k n . 

1 

I I fx -fx I 1 > a| IXn -X II. Now for sufficiently large i, 
k n . k n^^ 

.X. ^ 

A(x,fX ,p) is approximately I I > x^-x^^ J I n(x,^,L) <2"^~^nJ' 

X J* * ^ wJU 
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and A( fx^/ / fp) is approximately 

I llfxj^-fx^ 11 Tr(fp,L) >|ailx^-'x II 7T(fp,L). 
i ’^i 

Thus we again get a contradiction that f is TC, hence L is fixed. 


We have not been able to prove Theorem 0.2.2(v) fully for 
the infinite-dimensional case# but give below its partial extension. 

Theorem 1.4.5. Let f be a TC map on H and is an unbounded 

sequence of iterates of f with lim inf I •^“^n+l' ' “ ^ * Then f 
has a fixture. 


Proof . If lim inf 1 I I I = 

of JXj^} satisfying the hypothesis 
is a fixture. 


0 then there exists a subsequence 
of Theorem 1.4. I, hence there 


Assuming X > 0# we get a subsequence which, without 

loss of generality, can again be taken as such that 

lim 1 Ix^-'fx^l I = X . If necessary, we can further take a 

n -► oo 

subsequence of such that ^ converges weakly to w, with 

lim 11x^11 = lim 11 11 = oo . 

We have 


I 1 


^+1 


I- I I X 


-X^ I I 


h+l~^ 






X 


hence lim 


h+1 


I 1 


^+1 


1 1 


^+i 


H I 


- "^ti" - 
For ccn-y 

1. ^ Choose 6 > O such that 


1-6 

ii(l+6) 


> 1 


For sufficiently large n, and for any x. 
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I I fx-x i 1 
n+1 

Ix-Xj^l I 


fx-x ,-,11 
n+1 


X 


n+l 


x-x^l I 


X 


■n+1 


> , 
- a(i+6 ) 


> 1 


because 


I I fxl I , 
"^+l" - 


6 and 


I Ji Sil- < 6 . 

"^+l" - 


Thus 1 Ifx-fx^i I > ^1 Ix-Xj^l 1 for sufficiently large n. 

Now proceeding as in Theorem 1.3.1 we conclude that f has a 
fixture . 


1.5. An example . Many examples of TC maps have been given by 
Daykin and Dugdale in [lo] for two-dimensional spaces- We give 
an example of a TEB map in an infinite-dimensional Hilbert space 
which has no fixture. 


Let H = 

X1+X2 

5 


£ 2 # x= (x^/X 2 /...) s ^2' define 

,...), then f is TEB and has no fixture. 


f X = ( 1 # 





CHAPTER II 


TETRAHEDRON CONTRACTIVE MAPS IN A 
HILBERT SPACE 

Introduction . We have seen in Chapter I that if triangles 
go down under a self map of a Hilbert space then fixtures of the 
map exist modulo certain conditions on the map. In this chapter 
we establish similar results when tetrahedrons go down. 

2*2 Preliminaries . In a real Hilbert space H, we denote by 
pCx/Y/z) the plane through X/y^z e h, where 

P(x/y/z) = {ax+0y+rz : a+jS+T = i, a^js, r e r] 

It can be easily seen from the definition of P(x/y,z) that if 
u,V/W e P(x/y,z) then P(u,V/w) = P(x,y,z), and also if two planes 
intersect then they intersect in a line. 

For X/y,Z/U e H,put a = x-y, b = y-z, c = z-X/ d = u-x, 
e = u-y, f = u-Z/ then it can be easily verified that 

( I Ibl l^ilcl l^-(b,c)^;i Idl l^-(c,d)^l Ibl l^-(d,b)^l IcM^t 

+2(b/C)(c,d)(d/b) 

= ( 1 Icl 1^1 Idl t^-(c,d)^) I lei l^-(d/e)^| icl l^-(e,c)^l Id! I 

+2 (c/ d) (d,e) ( e/c) 

= etc. 

The distance of u from P(x/y/z) is 
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P(u,P(x,Y, z) ) = 


r I I dl I if X = y = z 
J tt(u,L) if x,y/Z e L(a line) 
j 0 if u e pCx/Y/z) 


^ 2Arx;y,2) otherwise 

here = ( 1! bl I ^ M c I I (b,cf ) I 1 dl I (c, d) ^ I ] bl 1 ^-( d,b) ^ 1 I c I 
+ 2 (b,c) (c, d) (dyb) . 


2 


If V(u/X/y,z) denotes the volume of the tetrahedron formed by 
U/X,y and z, then 

V(UyXyy/Z) =--J A(XyYyZ) P ( U / P ( X y Y y Z ) ) 

= 1 [dlbll^licl l^-(byc)^) 1 Idl l^-(c,d)^l Ibl 1^ 
-(dyb)^l Id l^+2(byc) (cyd) (d,b) 


= 1 llbll Nell lldll [l--(byc)^-(cyd)^-(dy5))^ 

+ 2(byc) (cyd) (dyfc) 


A map f : H -• H is called tetrahedron contractive (TTC) 
f oy Some. c< 

if/0 < a < 1 and for any x^yX 2 /X 2 yX^ £ H either 


(i) V( fx^ y fX 2 / fx^ y fx^) < a v(x^ yX 2 /X^ /X^) 

or (ii) ( fXj^y fXj y fXj,) < a A(x^/XjyX|^) for all iyj and k 
or (iii) I lfx--fx. I I < d 1 lx.-x. 1 I for all i and j. 

1 J -L J 

If in the above definition ot is any positive real n\amber then f 
is called tetrahedron expansion bounded (TTEB) . 
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2 .3 Fixtures of TTC maps 

2.3.1. If f is ttEB but not continuous then fH is part 
of a fixed line or a fixed plane. 

Proof . We assume that f is discontinuous at X/ then there exists 
a sequence {x^^} such that x^ - x, andfor some e > 0, I I fx^-fxl I > e, 
n=l,2,... . For any y £ H, A(y/X|^/x) -♦ 0. If A(fy/fx^,fx) also 
converges to zero for all yen, then taking Y = and L=L(fx^, fx) 
we get that L/ hence fy s L for all y £ H and L is a fixed 

line containing fH. 


If A( fy/ fXj^/ fx) /■ 0 for some y = y^ ^ H then for some e > 0 

there exists as subsequence { f x } of the sequence such that 

^i 

A(fyQ/fx / fx) i=l/2,... . Since f is TTEB and for all 

z £ H/ V(z,y /X ,x) -♦ 0/ we have necessarily V(fz,fy /fx / fx) •* 0. 
o Uf o 

Choose z = X and let P = P(fxwfy /fx), then 

Hi O 


V( fXw fy^-r fx / fx) = r- fx 


-n^ ' ^o' 


p(fx_ /P) 


n. 


> ^ e P(fx^ ,P) 


n 


X 

Hence p(fx /P) -♦ 0» We claim that fH C P* If not, let y s h 

with fy ^ P, that is p(fy,P) > 0. Since ACfy^/fx^ , fx) > £/ 

and p(fy,P(fy^/ fx / f x) ) - P(fy/P) > 0, hence V( fy, fy. fx , f x) 
o n^ 

/■ 0, a contradiction. 


Corollary 2.3.2 . If f is TTEB and has a convergent sequence of 
iterates then it has a fixture. 


Proof. 


It follows easily from Theorem 2.3.1 
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Theorem ? t t ■> ^ , 

-ijet f be a TTC map satisfying any one of the , 

conditions (i) to (v) listed in Lemma 1.2.1, then f has a fixture. 

As in Theorem 1.3.1 we obtain a sequence in H and 

a sequence of numbers such that ^ ^ * -* <», 

~ sufficiently large n and any x s H, pi€C‘^/^) 

i 1 fx^^fxl 1 > ^ I ix^- 

x! I , and the bounded sequence converges 

weakly to w. 

Since f is TTC, therefore, for any three points x,y/Z e H, 
we have for all sufficiently large n, either 

A(fx,fy,fx^) < a A(x,y,x^) , 

A(fy,fz,fx^) < a A(y,z.,Xj^), 

A( fz, fx, fXj^) < a A(z,x,x^) and 

A(fx,fy,fz) < a A(x,y,z) 
or 

V(fx,fy,f 2 ,fx^) < a V(x,y,z,x^) . 

Proceeding as in Theorem 1.3.1, we obtain from these inequalities 
either 

' • fx-fyl i [l-( fxAfy,w) < allx-yll [l-(xAy ,w) ^ 

(1) I I fy-fzl ! [l-(fy-fz,w)^]^'^^ < a| ly-zl I [l-(y-z,w) ^ 

H fx-fzl I [l-( fxAfz,w) ^ < allx-zll Ll-(x-z,w) ^ 

or 

1 t fx-fy I I ^ I I fx~ fz I I ^ [l~ ( fxA fy , fx- fz) ( fx^ fy /w) ^ ~ 

“(fxAfz,w)^+2(fx-fy,fxAfz; Cfx-fy/w) (fx-fz,w) ] 

< a^i ix-yl 1 Ix-zl 1 ^[l-(x~y/xrz) ^-(xAy,w) ^”(xAz,w) ^ 
+2(xP'y,x-z) (xAy,w) (xrz,w) ] 


( 2 ) 
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We put y = Xj^ in (1) and (2) . If (1) holds for infinitely many 
n^s then in the limit the first inequality in (1) yields 

(1-1 < a(l-| Iwl and so 1 Iwl I = 1- 

On the other hand if (2) holds for infinitely many n's, we shall 
obtain in the limdt 

1 I fx-fzl I^Ll-(fx-fz,w)^-l Iw! l^-(fx-fz,w)^+2(fx-fz/w)^l Iwl 1^ ] 

{3} ^ ^ A 2 22“j 

< a^l Ix-zl r [l-(x-z,w) -I Iwl I -(x-z,w) +2(x-z,w) I Iwl I J- 
Again taking z = x^ in (3) we shall obtain the limit as 
(1-1 Iwl 1^-21 Iwl 1^+21 Iwl 1^) < a^(l-l Iwl 1^-21 Iwl 1^+21 Iwl 1^) 

which again implies that I Iwl I =1. 

Hence converges to w in the norm. 

Let Pjyj be the orthogonal projection on the subspace 
M = [w]^. Since llwll = 1/ from (1) and (2) we get that for 
any x , y,z e H, either 

I IP^fx-Pj^fy! I < al IPj^x-P^yl I < ai Ix-yl 1 

(4) I lPj^fy-Pf4fzl I 1 ai IPj^y-P^zl I 1 'y^l 1 

1 iPj^fz-Pjyjfxt I < al iPj^z-Pj^xl 1 < a: 1 z-xl I 
or 

(5) . A(Pj^fx.Pj^fy/Pj4fz) 1 ^ ^ ^^5c,y/z) 

The inequalities in (4) can be obtained by using the relation 
,,P^^-P^yll = 1 Ix-yl 1 [l-(x-y,w)2]^/^ and (5) can be obtained 


as follows s 
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2A(Pj^fx,Pj^fy,P^f2) 

= 1 1 Pj^fx-Pj^^fyl I 1 1 Pj^fx-Pj^fzl 1 [l-(P^fx-Pj^fy,Pj4fx-Pj,^fz) ^ 

= llfx-fyll I 1 fx-fzl I [l-(fx-fy/w)^]^/^Ll-(f5c-f2,w)^]^^^ 

[ 1- (P^fx-P^fy,Pj^fx-Pj^f2) ^ 

= llfx-fyll I I fx-fz I I [l- ( fx-fy/w) ^-( fx-fz,w) ^ + 

( fx-fy #w) ^ ( fx-fz/w) ^-(Pj^jC fx-fy) /Pj^( fx-fx) ) ] ^ • 

Since Pj^(fx-fy) = fx-fy-( fx-fy/w) W/ etc./ we have 

(Pj^^(fx-fy) /Pj^(fx-fz))^ = [(fx-fy,fx-f 2 )-(fx-fy/w) (fx-f2/w) 

hence 

2 /:• ( Ppj f X / P^jf y / Pj^ f z ) 

^9 2 ^ .K 2 

= I 1 fx-fyl I 1 1 fx-fzl I U“(fx-fy/w) -(fx-fz/w) -( fx-fy* fx-fz) 

+ 2 ( fx- fy / w) ( fx- f z / w) ( f X- fy / f x- f z) 

< 2a aCP^^^/P^Y/ A(x,y/z). 

From (4) and (5) we conclude that Pj^f is TC. It will have the 
property (*) / since f has this property and Pj^ is non expansive 
Hence P^^f will have a fixed point p or a fixed line L (Thra. 1.3.1) 

In case Pj^f has a fixed point p, let the line through 
p and parallel to w be l'. Take any y e H and z e l' / then 

1 IPj^fp - * ' 

1 IP^fp - Pm^^' ’ ~ °''' 

I i%fy - Pm^^' ' 1 ' 


either 
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or 

A(P^^fp, P.,fy, P^fz) < a ACPj^p, P^y, Pj^z) . 

If f. 2 , p L then both these conditions are violated/ hence L' 
must be a fixed line of f. 

In case L is a fixed line of P^^f then let P be the 
plane through L parallel to w. Take any z £ P with x = 
and y£L. Iffz^p then both the above conditions are again 
violated. Hence P must be a fixed plane of f. 

Corollary 2.3.4 . In a finite- dimensional Hilbert space every 
continuous TTC map will have the property (*) and hence will 
have a fixture. 

Remark 2.3.5 . We feel that all continuous and bounded TTC 
maps are 1-ball-contractions/ and probably have fixtures. 

Remark 2.3.6 . It will be interesting to know under what 
conditions on f and/or M/ the composite map P^^f will have the 
property {*) t if f has the property (■*) . 

2.4 Existence of fixtures under different conditions . 

Here we consider various sufficient conditions on TTEB 
or TTC maps (continuous or not) to have fixtures. 

Theorem 2.4.1 . Suppose f is TTEB and p is a point such that 
every neighbourhood of p contains a point x and its image fx/ 
then either p is a fixed point or L(p/fp) is a fixed line or 
there exists a fixed plane containing LCp/fp). 
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Proof. We can choose a sequence {x^} such that x ■* v and 
■* P • Suppose p is not a fixed point and L(p,fp) is not 
a fixed line. Let z e L(p/fp) with fz / L(p,fp). We claim that 
plane P(p,Z/fz) is a fixed plane. If not/ take u s p(p/Z/fz) 
where fu X P(p/Z/fz). We observe that for sufficiently large n 

I i f Xj^- fp I I >0 but 1 I x^-p I I -* 0 

and a(x^/P/z) -* 0 but A(fx^/fp/fz) - ACp/fp/fz) > 0. Also 
V(u/X^p/Z) - 0 bat V(fU/fx^/fp/fz) ^ V( fu,p, fp/ fz) > 0/ and 
this leads to a contradiction. 

Here it is also easy to see that fH CP(p/Z/fz). 

Theorem 2.4.2. Suppose f is TTC and L is a line in H such that 

1 

there exist sequences ^ L and ^ H with I I ^ 

1 

and I ^ n either L is a fixed line/ 

or a plane containing L is a fixed plane. 

Proof . Cu^} is bounded then it has an accumulation point/ hence 
by Theorem 2.4.1/ f has a fixture. 

Suppose is lonbounded then is also unbounded. For 

sufficiently large m and k/ 

’ “ "v='k"- 

Assuming L is not a fixed line/ take w e L where fw ^ L. We 
observe that approximately 

A(w,x„,x^) =1 - I ""^*='k" 5 
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where m and k are sufficiently large/ and 
A ( fW/ fXj^, fx^) IlfXj^-fx^ll n(fw/L) 

’I I 

> <x A(W/5^/X^) . 

since f is TTC we must necessarily have 

VC fZ/ fw/ fXj^/ fx^) < <X V(z,W/X^/X^) for all z £ H. 

Let P be the plane through fw and L and take z e P such that 
fz p Pt then 

V( fZ/ fw/fx^/fx^) = j A(fw, fxj.,fXj^) P(fz/P) 

> a v(z/W,x^/X^) 

a contradiction- Hence P is a fixed plane. 

Theorem 2 . 4 . 3 . Let f be a TTC map and {x^} is a sequence 
converging to x with I • -♦ \ > 0/ then 

(i) all the accumulation points of coplaner of 

which no three are coll inear/ and 

(ii) if p.q/T are any three accumulation points of {fx^} then 

P(p/q#r) is a fixed plane containing fH. 

^ ^ ar-fi four distinct accumulation 

Proof * Suppose P2_#P2'P3 P4 tour 

points of £fXj^}. Since 

iix-Piii i i - 1,2, 3, 4 

and I Ix-p. I I > hence I Ix-Pj^l I = X for all i. 

Thus p^/Pj/P;,^. are not collinear for any i/j and k. If 
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P4 P P(Pi/P2/P3) then 

n^,n ,n]^,n so that V( fx^ , f x , 
•j io n ^ n j 

to v(p^ ^P^/P^ /P4) ; but v(x /X 

^ j 

same tohen 


/P 4 ) > 0 . 

f X / f X ) 

/X /X ) 
Hr n£ 


We can find integers 
is arbitrarily close 
-♦ 0. Also by the 


A ( f X r f X / f X ) > a /\ ( X 

n. n. n, n. 

1 J K 1 

and I I fx -fx I ! > a I lx -x 
ni nj n. n 

this contradicts that f is TTC. 
coplaner- 


rX 


n 


j 



) 


j 

Hence p^/P 2 /P 3 


and P 4 are 


Let P = P(p,q/r) / take any 2 s h where f 2 ^ P, then for 
a suitable choice of integers n./n. and n, / the condition that 

1 J K. 

f is TTC is again violated for the points z,x /X /X . Hence 

^i ’^k 

P is a fixed plane containing fH. 

Theorem 2.4.4 . Let f be TTC, and {x^} is a sequence converging 

2 3 

to X with 1 Ix^-fXj^l I k > 0 / v(x^/fx^/f Xj^/f Xj^) - 0 and 

A( fXj^/ f^Xj^/ X yj) > ^ > 0 for all n. Then f has either a fixed 
line or a fixed plane. 

Proof . If p^q/r are three accumulation points of (fx^J then/ 

by Theorem 2.4.3/ P(p/q/r) is a fixed plane containing fH. 

2 3 

Morevocr x e p(p/q/r) / because fx^ff x^^ e fH C p(p/q/r) = P/ 

and by hypothesis 

P(x„,p) -0 

and A ( f ' f > M > 0 . 
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If ^fx^l has only two accumulation points p and q then 

either L(p,q) is a fixed line or P(fW/p/q) is a fixed plane 

where w e L(p,q) but fw f L(p^q) . If not, let u e P(fW/p,q) 

such that fu p P(fw,p,q), hence V(fu,fw,p,q) > 0. We can 

choose integers n. and n . so that V(fu,fw, fx , f x ) > 0 but 

1 n^ n . 

V(u,w,Xj^ '^n ^ moreover A(fw,fx , f x ) > 0, but 

i j ’^i 

( w, X , X ) -* 0 and 1 I fx - fx I I > a 1 I x -x II. This is 

n. nj n. n^ 

impossible since f is TTC. 

Finally if {fx^} has only one limit point p then L(x,p) is 
a fixed line otherwise P(fw,x,p) is a fixed plane where 
fw p L(x/p) for some w s L(x,p) . 

Theorem 2.4.5 . If f is TTC and X/y, z are distinct points of H 
with fx = y, fy = 2 and fz = x, then the plane P(x,y/z) is fixed. 

Proof . Suppose w £ P(x/y/z) but fw p P(x,y/z), then V(w,x,y,2)=0 
but V( fw, fX/ fy, fz) = V(fw,x,y,z) > 0 and A(fx,fy, fz) = A(y,z,x) > 
h A(x,y,z). Since f is TTC we must have 

I 1 f X- fy I I < a II x-y 11,11 fy- f z 1 I < a 1 1 y- z I I , 1 1 f z- fx I 1 < II z-*x I I etc . 

3 

This implies that I ly-zl I £ a 1 ly-zl I , hence x = y = z, this 
contradicts the hypothesis* 

Theorem 2.4.6. If f is TTC and P is a plane with non-coil inear 
x,y,z e P such that fx,fy,fz e P and llfx-fyll > 0llx-yl I > O 
and A(fx,fy,fz) > 0 A(x,y,z) where 3 > a, then P is a fixed 
plane. Further f^ w ■* P for all w £ H. 
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Proof. For any w e h, and x,y ,2 e p, have by hypothesis, 
V(fw,fx,fy,f 2 ) < av(w,x,y,z). 

If w e P then V(w,x,y, 2 ) = 0, hence fw £ P(fx,fyyfz) = P(x/y/z), 
and thus P is fixed. 

Since the inequality (1) holds for all w £ H, we have for 
each positive integer n, 

|A(fx,fy,f 2 ) P(f^'^^w,P) < a| A(x,y,z) P(f^w,P), hence 

p(t W,P) < ^ (f^W,P) <_ ... < P(fW/P). 

Since P > a, (— ) 0 as n ■* oo giving that P(f^'^^w,P) -♦ 0, 

consequently f^w P. 

2*5 Consequences of existence of more than one fixture 

Proposition 2.5.1 . If f is TTC and p/q,r/S are fixed points 
of f, then either they are collinear or coplaner. 

Proof . Assuming p q, II fp-fql I = 1 Ip-ql I > ot.1 Ip-ql I , hence 
either (i) or (ii) of the definition of a TTC map is satisfied for 
the points p,q#r and s- 

If (i) is not satisfied, then 

A(fp,fq,fr) = A(p,g,r) < a A(p/q,r) , which implies A(p,q,r) = 0, 
and similarly A(q,r,s) = A(r,s,p) = A(s,p,q) = O. Thus p,q,r 
and s are collinear. 

If (i) is satisfied then V(p,q,r,s) = 0, hence the points 


are coplaner 
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Proposition 2.5.2» if f is TTC and X/yyZ are its fixed points 

then either they lie on a line or a fixed plane P. In the 
latter case f^w -* P for all w e K. 

Proof . If X/y and z are not collinear then the result follows 
from Theorem 2-4.6, because I I fx-fyll = llx-yll > P Itx-yll 
and A(fx,fy,fz) = A(x,y,z) > 3 A(x,y,z) where a < 3 < 1. 

Proposition 2.5.3 . If f is TTC, P^ and P 2 are two planes and 

X. ^y. /Z. e P . , i = 1,2, such that (i) x. ,y.,z. are non-coil in ear, 

1 1 111 

(ii) fXj_/fy^,fz^ e P^, (iii) llfx^^-fy^M > 31 IXj_-y^ll and 
(iv) a( fx • , fy . / fz . ) > 3 A (x. /y . / z . ) , where 3 > a. Then f has 

iJL «JL .JL kJ— 

a fixed line L-the intersection of P^ and P 2 • Also f'^w -* L 
for all w s H. Further if M is any other fixed line then f 
has one and only one fixed point p - the intersection of L and 

M. 

Proof . P^ and P 2 both satisfy the hypothesis of Theorem 2.4.6, 
hence both are fixed planes and f”w-P^, i = l, 2 , for each 
w s H. Therefore, P^ and P 2 intersect in a fixed line L and 
f^w L for all w e H. If M is also a fixed line then f^w L 
for all w e M, hence L and M intersect in a fixed point p. 
Clearly there can not be any other fixed point. 

Proposition 2.5.4 . Let f be TTC and P and Q its distinct fixed 
planes then each has a fixture (either a fixed point or a fixed 
line) . In case of each having a fixed line, the lines may be 


coincident 
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Proof . We consider two cases ; 

Case I. SupDOse f is TC on P ao 

^ well as on Q, then f has a 

fixture in P and also in Q. 

Case_II. Suppose f is not TC on atleast one of them, say P. Then 
it satisfies the hypothesis of Theorem 2.4.6 on P, hence f^w - P 
for all we h, and in particular for all we q. since Q is a 
fixed plane, P and Q intersect in a fixed line L and in this 
case the two fixed lines coincide. 

^ *„ ^ TTC with a fixed plane P and either 

a fixec.l point x ^ P or a fixed line L not intersecting P, then 
f is TC on P (and so has a fixture in P) . 

Proof . If f is not TC on P, then hypothesis of Theorem 2.4.6 
is satisfied on P, and we arrive at a contradiction that 
p = f^p - P in the first case, or f^w -♦ p for all w e L in the 
second case. 

Proposition 2.5.6. Let f be TTC then limits of convergent 
sequences of iterates (whenever they exist) are coplaner. 

Proof . Suppose '*yj^asn-*oo^ i = l,2,3,4. Put 

V = V(yj^,y 2 /y 3 .y 4 )/ ^ llYl_-y 2 ll and 

= V(f"x 2 /f^X 2 /f"x 3 ,f^ x^), = A ( f^x^ , f^X 2 / f^Xg ) and 

= flf^ X 2 II, n = 1/2,... . 

Clearly, V, A^ A and ■* a. if v / 0 then A 0 

and hence a / 0, but from this it follows that, for sufficiently 
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large n. 


a,- >aa,A ^>aA and V ^ > a v / 
n+1 n' n+1 n n+1 n' 

which contradicts the TTC property of f. Hence V 

implies that Yi'Y2''^2 ^4 coplaner. 


0/ which 


From the results proved above the following theorem can 
bo proved easily : 


Theorem 2.5.7 : For a TTC map f the following hold : 

(i) If two different fixed lines of f meet at a point p 
then p is u fixed point of f or if two fixed planes 
intersect in a line L then L is a fixed line. 

(ii) If f has no fixed point and no fixed line then it has 
atmost one fixed plane P and if so then :^w ■* P for all 
w e H. 

(iii) If fhas exactly one fixed point p and one fixed line h, 
then its fixed planes / if any, pass through either the 
fixed point p or intersect the fixed line L. 

(iv) If f has three or more non-collinear fixed points then 
all lie on a fixed plane P. Moreover any other fixed 
line or fixed plane will intersect P and f"w - P for 
all w e H. 

Proof (i) Trivial. 

(ii) It is not possible for f to have two fixed planes, 

because then, by Proposition 2.5.4, f will also have 
fixed lines or fixed points or both. 
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Thus if f has a fixed plane P/ then f can not be 
TC on P/ therefore, f satisfies the hypothesis of 
Theorem 2.4.6 on P which implies that f'^w P for all 
w e H. 

(iii) Suppose P is a fixed plane and it neither passes through 
o nor it intersects L, then Proposition 2.5.5 implies 
tlidt f is TC on P and hence f has a fixed point or a 
fixed line in P - a contradiction. 

( iv) The first part and that f'^w -► P for all w e H follows 
from proposition 2.5.2, and then any other fixed line 
or fixed plane will intersect P. 

2 .6 Example of a TTC map which is not TC 

^ 3 3 

Let H = R and define f ; R -♦ R , where f(u/V,w) = 

(u+l,v+l, j) / then f is non- expansive, TEB and TTC but not TC. 



CH/iPTER III 


AREA OF A TRIANGLE AND TC M^APS IN A NORMED 
LINEAR SPACE 

3-1 I ntroduction . In this chapter we would see how far we 
can extend the results of the first chapter to TC maps and 
tl'eir fixtures in a normed linear space. But for pursuing 
that we \-jant to have with us a notion of the area of a triangle 
in a general norraed linear space. This is what we do in the 
first half of this chapter and in so doing obtain certain 
it^teresting results characterizing inner product spaces. In the 
second half we discuss the existence of fixtures under different 
conditions/ and implications of existence of more than one 
f ixturc- 

In Chapter I the area of a triangle in an inner product 
space had a clear cut meaning - the Euclidean area, which equals 
half the product of a side and the perpendicular distance from 
the opposite vertex/ or which is given by a host of other 
formulae. In a general normed linear space X one obvious 
defining formula for the area of a triangle X/y/Z would be 

AqCx/Y/z) = [ s( s~a) ( s-b) ( s-c) ] 

where s = ^ (a+b+c) / a= lly-zll / b = II z-xl I / c — I lx yl I * 

But this definition of the area of a triangle does not work well 
as far as the existence of fixtures of TC maps is 


concerned. 
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We shall, therefore, adopt the formula - half the product of 
length of a side and the shortest distance of opposite vertex 
from it. To obtain this shortest distance (or the peirpendicular 
distance) of opposite vertex from a side we use the Birkhoff- 
James orthogonality or the generalized inner product (D.efinitions 
0.2.6(i) and 0.2.9). In either case the shortest distance depends 
on the choice of a particular side and opposite vertex, hence 
we have taken the liberty of assigning a triplet or a sextuplet 

of numbers as the area of a triangle, as against the usual 

assignment of just one number as the area. We may remark here 
that those definitions of the area of a triangle do not possess 

many of the properties of the area of a triangle which hold 

good in the case of an inner product space, for example, if we 
take a point on one of the sides of a given triangle and 
consicSer two triangles with one common side joining this point 
to the opposite vertex then the sum of the areas of these two 
triangles may not be equal to the area of the given triangle. 

Here for the purpose of clarity we forego some generality 
and v/e assume the normed linear space X to be strictly convex 
and smooth. 

3.2 Area of type I . When we employ the Birkhoff- James ortho- 
gonality to obtain the shortest distance of the vertex from the 
opposite side we get the area of a triangle as a triplet, which 
we call the area of type I given by 
Aj_(x,y,2) * {A(x;y,z), A(yjz,x), A(z;x,y)}. x,y,z s X, 
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1 

where A(x;y,z) = ^ i ly-zl 1 X shortest distance of the vertex x 

from the line through the points y and z 

= ^ t 1 y-zl I I 1 x- (Xy+(1-X ) z) 1 I 

Hero X is the unique number (by strict convexity) such that 

X - (Xy + (l-X)z) 1 y-z 

Similarly A(y;z,x) and A(z;x,y) can also be expressed. 


From the above definition the following proposition is 

cv.vir.us = CENTRAL LIBRARY 

Propcsitlon 3 .2.1 . For any X/y/Z ^ x, /\cc.No. IMl, 

1 

(i) A(x;y<z) = ^ tly-zll z) ' ^ ^ 

where J is the normalized duality map (Definition 0.2.5) 

(ii) A(x;y/z) = A(x+w;y+w, z+w) for any w s x. 

(iii) A(xjy/z) is a continuous function of x,y and z. 

WO give our first result characterizing an inner product 

space. 

; , 1 1.2.3. If dimension X > 3 and for all x,y,z e X, 

A(xiy,z) = A(y: 2 ,x), then X is an inner product space. 

Proof . Let u,v e X with u 1 V, then A(u>v,e) = jl I vl I Mull 

and A(vre,u) = | I lul I I Iv-tol I where v-\u I u. Now, A(u;v,e) = 
A(v,e,u) implies llvll = llv-MII and so llvll < llv+kull for 
all k, hence v i u. Thus orthogonality is symmetric and 
the space is inner product. 
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3 *3 Area of type II . in giving the area of type I we take 
the shortest distance of the opposite vertex from a side as 
the norm of the vector joining the vertex and a point in the 
side so that the vector is orthogonal to the side. Turning 
the other way round we can take the shortest(!)distance as the 
length of a vector joining the vertex to a point in the side 
so that the side is orthogonal to the vector/ and thus we get 
the aru'a of type II given by 


A^Cx/'/z-a) = {B(x;y,z), B(y;z/x)/ B(z;x/y)}/ X/Y/Z s X, 

wh<;ri.^ B(x;y/Z) = ^ I ly-zl 1 1 I x-(b.y+(l--b) z) 11/ M is the unique 

numl)er ( by smoothness) such that 


y~z X x-(My+(l-M) z) . 


Similarly B(y;2,x) and B( 2 ;x/y) can also be expressed. 

Since orthogonality is not symmetric/ B(xjy/z) ^ A(x;y/z)/ 


in general. 


The following 
I (" i "n 

I 

(i) B(x;y/z) = ^ 


obvious proposition is again there. 
For X/Y/Z e X, 

(J „#x-z) 

lly-zll llx-z j (y-z) M 

1 I y- z I 1 


whore J is the normalized duality map and 
(J ,x“(My+(l-M)z)) = 0. 

y 

(ii) B(x;y.z) = B(x+w;y+w/z+w) for any w e x. 

( iii) B(x/y/Z) is a continuous function of X/y and z 
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Another characterizing property of an inner product 
space is given by the following : 

Lemma 3 .3 .2 . Suppose dimension X ^ 3 and for all X/y/Z sx# 
B(x;y/Z) = B(y;z,x)/ then X is an inner product space. 

Proof . Let u and v be such that u 1. V/ then B(u;V/0) = 

i l!v!l !lu-^v|i where 4= (J ,u)/, and B(v;e,u) =^llull llvll. 
u L V implies that I lul i < I lu+kvl I for all k, and by hypothesis 
Mu! 1 = 1 lu-Mvl I , hence u-Mv 1 v, which is impossible unless 
(L, = 0 ind therefore v 1 u. Symmetry of orthogonality shows 
ti.at thi' space is inner product. 


cl'iaracterization 


orthogonal it^ 


From the proofs of Lemmas 3.2.2 and 3.3.2 we note that 
if A(x;yiZ) = A(y;z,x) or B(xjy,z) = B(y 7 z,x) then the ortho- 
gonality is symmetric. Conversely, if dimension X > 3 and 
orthogonality is symmetric then X is an inner product space, 
hunce A(x;y,z) = A(y;z,x) and B(x;y,2) = B(y;z,x) . If 
dimension X = 2, then we have the following : 


L-'.r'.i l.'l.l. If dimension X 


2 and orthogonality is symmetric 


then B(x;y/0) = B(y;8#x) 
Proof. Since B(x?y/0) = 



and B(yjt0/x) 


= 1 1 lyl 1 11x11 1 1?^ - (J./x)yl 1 

2 ^ y 

1 11x11 llyll I ly - (J.^y) it is sufficient 

2 X 


to prove that 
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1 1 X - (J^ /x)yl I = 1 ly - (J>. / y)xi 1 . 

y X 

Introducing the coordinate system with respect to any 
two orthogonal vectors - as done by Day in L5/p* 330 ] - we let 



'.<2) ' 


(yi/y 2 ) and that 


P^y^ + qyy 2 


1 = sup 


'Py ^y^ 
1 1 (I,r7) I 1 


1 1 X- ( /X)yl 1 = 1 I (x^ /X 2 )-(pyX^+qyX 2 ) (yj! /y 2 ) ' ' 

= 1 I (xi-PyX^y3_-qyX2yi/X2-PyX^y2-qyX2y2^ ' ' 

= I I ' ' 

= 1 X^y2-X2y3_ I I 1 (qy/'Py) > ' • 

But (J. /{qy/-Py)) = Py^y“PyS^ ^ 

ThiTi.’Fon*# wo must have# Day [sj/ that 


i = lpyyi'*'%^2’ “ Il(yi<'y2^'' • > ^qy^“Py^ ’ ’ ' ' ^'4y' py^ ' ' 

Thun I Ix-(J*,y)^ 1I = ' ^iY2"‘^2^1 ' ‘ Similarly IlfCJ^^y)^" = 

ix,Y,-x.y, ! , and the desired result now easily follows. 

mv. 1.4.2. The orthogonality in a nonmed linear space is 

it and only if either A(xfy,z) = A{y;z,x) or 

h(xjy/Z) “ BCyi2/x)*^0T Q.11 Xjy,z- 6 X . 

Proof. If the orthogonality is symmetric then we observe that 
» B(x;y.z) end A(yiz.x) = BCyiz.x) 


A(xjy#a) 
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Also B(x;y, 2 ) = B(x-z;Y-z,e) 

= B(y-z;0,x-z) , by Lemma 3.4.1 
= B(y;z,x) . 

hone-.’ from this the result follows. 

The convorso follows from the proofs of Lemmas 3.2.2 
ind 3.3.2. 

Th.'/.-'T' T.; 3.4.3 . If in a two-dimensional space the orthogonality 
in symmetric then 

Aji(x,y/Z) = AjCx/Y/Z) = I 1 ' 

v;b"r ,- X = ^ ^ ~ ^^l'^2^ with respect to 

two ortliocif.'it il unit vectors. 

Proof;' . From Iiomma 3.4.1 and Theorem 3.4.2 it follows that 

” ^^(x/Y/z) = BCxjY/Z). Also from the proof of Lemma 

1-4.1 w*''' have 

!’i>(xjy,z) = B(x-Z/Y-Z/0) 

S I I (X]_-Z3_) (Y2~Z2^"^^2'"^2^ ' 

* 7 I (yi22~y2^1^‘^^^1^2“^2^^‘^^^1^2"^2yi^ ‘ ‘ 

This romplc't-,.'S the proof. 

Remark . The result of Theorem 3.4.3 is interesting in the 
sense that here we get the same expression for the area 
triangle as that already known for a triangle in an Euclidean 

plane. 
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Examo]^. We consider the following examples which show 
>.nit. an a neneral normed linear space, triangles may exist with 
(a) all fj-ie numbers of triplets for or A 2 different, or 

(ii) l.wT> of tb.e numbers equal but third different. In these 
XU I*'.';, also observe that all the three numbers are equal 

i. nJ . ir. i.iO tiivial case (i.e. when each of the numbers is zero) . 


For 'Jotui Is of computations in the following examples 
X = i .', 2 / one can refer to the examples of TC maps in §3 .12. 


w) 


.1! X = (2,1), Y = (1,1) and 0 = (0,0) then 


^’■( x?y ,0) 


1 

7 T / A(6;x,y) = y and A(y;0,x) 


,1/3 


^ 4/3 ^ - 2 

(■H) tt' X = (1 ,0) , y = (0,1) and 0 = (0,0) then 

1 T 

rf.(x;y,0) = '2 = A(y;0,x) but A(0;x,y) = . 

(iii) .1 f‘ X = (x^,X 2 )/ y = (yi'y 2 ^ ® ~ (0,0) then 


2(l+2]f2) 


A( x;y,0) = j 


vL 


(|y^|^/2+Iy2l"^") 


3/2v2/3 '^^2“^^! 


A(y;0/x) = j 


Ixl I 




a „,1 A(0;x,v) = i 


Putf'ing /i(xyy,6) « A(y|0,x) , we get either Xj^y 2 = X 2 y^ or 

Xj_yj_ « >^2^2* first case A(x;y,0) = A(y;0,x) = A(0;y,x)=O, 

and in the second case either x = (a/0) and y = (0,b) or 

Yj^ * k X 2 and y 2 ® ^ where k is some non-zero constant* 
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W>ien X = (a,0) and y = (0,b) then 

A(x;y/6) = A(y;0^x) = A(0;x/y) implies either a = 0 or b = 0 
i.e. the trivial case when y^ = k X 2 and Y 2 = k / then again 

Aix7Yi6) = A(yy0,x) = A(0;y,x) implies the trivial case. 

3 Area of type III . We use the generalized inner product 
<X/y> for X/Y ® X/ in the same way as inner product has been 
used in the first chapter to obtain the area of a triangle, and 
get the area of a triangle of type III in X as a sextuplet 
(since the generalized inner product is not commutative) of 
numbers , given by 


A 3 (x,y,z) = {C(x;y, 

z) , C ( 

x;z,y) , 

C(y;z,x) , C(y;x, z) , 

C( z;x. 

y) / c( 

z;y#x) } 


1 

where C(x;y,z) = ^ 1 

1 x-y i 1 

1 1 z-yl 1 

1 [l-<x-y, z-y>^]^'^^. 

C(x;z,y) = j I 

1 X- z 1 1 

1 i y- z 1 1 

[ l-<x-z,y-z>^ , 

1 

C(y;z,x) = 1 

ly-zl 1 

1 Ix-zl 1 

[ l-<y- z , X- z>^ , 

C(y7x,z) = ^ 1 

ly-xl 1 

1 1 z-xl 1 

L l-<ylx, Z“X>^ jl/2 ^ 

C(z;x/y) = ^ 1 

1 z-x! 1 

i ly-xl 1 

[l-<z-x,y-x>^]^'^^. 

1 

and C( z;y,x) = ^ 1 

1 z-y 1 1 

1 1 x-y 1 1 

[ l-< z-y , x-y>^ . 


The following proposition is a simple outcome of the 
above definition. 


Proposition 3.6.1 . For x,y,z e X, 
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( i) C(x;y/ 2 ) =i llx-yll llz-yll [l~(J 

x-y 

(ii) C(x;y/z) = C(x+w;y+W/ z+w) for any w e X. 

(iii) C(x;y/z) is a continuous function of x,y and z. 


Proof . The proofs of (i) and (ii) are trivial. To prove (iii), 
we consider sequences ^^n^ ^^n^ converging to x,y and 

z respectively. 


c(x„;y, 


n 


^n) 


7 


1 z -y 
n -^n 






2 ^ 1/2 


Putting ^ ^n'^n ^n ^ 


^n ^n n n 

< Ilu^ll llv^-vll + I ' * 

n 

since J is norm to continuous, the right hand side converges 

to zero as n - oo. Hence (J^ ,Vj^) - (Jt_^*v) and then 

n 

converges to C(x?y,z) as n -* co. This proves the continuity of C. 

The following characterization of an inner product space 
also arises out of our definition of A^(x,y,z)* 

Lemma 3.6.2. X is an inner product space if any two of the 
C*s in the sextuplet A 2 (x,y,z) are equal. 

Remark . In view of the Proposition 3.6.1(ii), it is sufficient 
to prove that X is an inner product space when 

(i) c(x;e,y) =c(y;e,x), ( ii) c(x;e,y) =c(e;x,y), 

(iii) c(x;e,y) =c(e;y,x), (iv) C(x;e,y) = C(y;x,e) and 
(v) C(x,*e,y) = C(x,*y,0) for all x,y e X. 
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Proof (i) For any x,y e x, 

C(x;e.y) = C(y;e,x) ==> llxll^ llyll^- (J ,y)^ 

= Myl 1^ I Ixl l^-(Jy,x)^ 

==> (J = (J /x)^. 

y 

This implies orthogonality is symmetric. Hence if dimension 
X _> 3 the proof is complete. To prove the result in general, 
let 11x11 = Myl I =1 and x J_ y, we have 

llx+yll^ = = L(Jx+y'"'> ‘‘^x+y'^d^ 

“ ''^x+y'^>^ * ('^x+y-y'^ + 2(J^^y.x)(J^^y,Y) 

= (J^/X+y)^ 4- (Jy,x+y)^ ± 2( J^,x+y) (Jy,x+y) 

= 11x11^+ 1 !yl 1^ ^ 21 1x1 1^ 1 lyl 1^ 

= (1 1x1 l^+I lyl 1^)^ or (1 1x1 1^-1 lyl 1^)^. 

4 2 2 2 

But 1 Ix+yl 1 = (11x11 -llyll) =Ois not possible, because 

X = -y and x 1 y imply x = 0. Hence 

1 Ix+yl 1 ^ = 1 1x1 1 ^+1 1 yl 1 

This shows that x 1. y implies x y for 1 1x1 1 = llyll =1. 

Prom Corollary 4.2.5 it follows that X is an inner product space. 

(ii) C(x;e,y) = C(e;x,y) ==> llxll^ llyll^- (J,y)^ 

(X! 

= 11x11^ lly-xll^ - (J ,y-x)^. 

(X. 
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Now X ± y ==> (J^/y) = 0 

==> llxtl^ llyll^ = llxll^ I ly-xl 1 ^-1 1x1 1^ 

==> ily-xll^ = I I xl I ^+1 I y I I ^ 

==> ^ Y. 

Hence X is an inner product space (Theorem 0.2.8(iv)). 

(iii) C(x;0,y) = C(0;y/x) ==> llxll^ I I y I I ^~ ( J^/y) ^ 

= 1 lyl I ^1 ix-yl I ^-(Jy/x-y)^. 

Replacing y by -y/ 

I 1x1 1^1 lyl l^-(J^.y)^ = 1 lyl 1^1 ix+yl 1 ^-(Jy/x+y)^. 

2 2 

Now y 1. X ==> (J /X-y) = (J /X+y) 

y y 

==> (Jy,x) - I lyl 1^ = ^ [(Jy.x) + 1 lyl 1^] 

==> either y = 0 or (Jy/x) = 0 
==> y 1. X since y 0. 

Hence X is an inner product space (Theorem 0.2.8(iv)) 

(iv) ■ c(x;0/y) = C(y;x/6) ==> 1 1 xl 1 ^ 1 1 y 1 1 ^- ( J^^/y) ^ 

= 1 ly-xl 1^11x11 ^-(J ^,x)^ 

y 

2 . 2 

Now X y ==> (Jy_^/x) = (Jy_^^,x) 

==> (J^/V-u) = ^ ( J^rV-u) , where u = y-x and v = y+x 

==> (J^,v)-1 lul 1^ = ± [ 1 Ivl l^-(J^,u) 1 
==> either 211ull^ = ( v) +( u) 
or = (J^/u) . 
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But (Jj^-Jy/X-y) > 0 for all x y [sj^ hence 
21 lul > (J^/v) + (J^,u) . 

Therefore, x 1.. y ==> (J ^ ,y+x) = (J , ,y“x) . But for any, 

1 y— X y-rx 

A 4k >> A 

x,y e X, 1. , hence (J^,x) = (J>.,y) and so (J ,x) = (J ,y), 

^ -L ^ y X y X 

giving that X is an inner product space. 


(v) For C(x;6,y) = C(x;y,0) , a proof similar to that of ( iv) 
S 

can be con, true ted. 

K 


3 .7 Properties of the areas of three types 


Before taking up the study of triangle contractive (TC) 
maps in X, we make the following two lemmas which we would need 
while studying the fixtures of TC maps. 


Lemma 3 .7.1. If x and y are linearly independent vectors, 

irLcle.jyenci&nt oj 

z e X with 1 1 zl 1 '> e > 0 then there exists ^ > O and V > C^such 
that 

(i) A(z;0,y) + A(z;x,0) > ^ , and 

(ii) •B(z;0,y) + B(z;x,0) > 'H . 

Proof . Let A( z;0 ,y) = ^ I 1 y I t II z-A.y I I 

and A( z;x,0) = ^ 11x11 II z-Mxl 1 

where K and M are such that z-Xy 1. y and z-l^x 1. x 
A(z;0,y)4-A(z;x,0) = ^1 lyl I 1 I z-Xyl I 11x11 I 1 z-Mxl I 

> ^ min {llxll,Myll} [ll z-xyl I +1 I z- Wxl I ]. 
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Clearly min [ I IxM / I lyl 1 } > 0. We claim that Inf { t I z-\yl I + 

I I 2-/Jxl I } > 0. If not/ then there exists a sequence in 

X and sequences and of numbers such that J- Y/ 

X X and I lz„~\,yl I + I I xl I ■* 0. This implies that 

II n nn nn ^ 

z^-A- y ■* 0 and z-P-x ■* 0. Hence K y-M x -♦ 0, which is imposs- 
n n** n n n n ^ 

ible in view of linear independence of x and y-unless ■* 0 

and -♦ 0/ but then 2e = o - a contradiction/ and this 

establishes our claim/ where 

Inf {II z-\yl 1 + 1 I z-Mxl I ; 1 I zl I > S/Z-Xy X y/Z-Mx X x} 

g = r :: . 

^ min { I I xl I / I 1 y I I } 

For (ii) also we can give a proof similar to that for ( i) . 

Lemma 3 .7.2. If X is a reflexive space/ X/y s x are linearly 

independent and z e x with 1 Izl 1 > s > 0 then there exists T) > 0 
of z. 

! such that 

C(x;0/2) + C(y;0/z) > V • 

Proof . Suppose there is a sequence {z^^} with 1 I z^^ I 1 > £ and 
C(x;0 / Zj^) +C(yj0 / Zj^) -*■ 0 as n - «>/ then 1 Ixl I I Iz^^l I [l- 

( J-s / z„ ) ^ +i 1 lyl I I I z_ I I Ll-(J*/Z ) ^ -» 0 which implies 

n z II -y XI 

o o 

that (J*/2„) - 1 and (J^/Z„) - 1. Since X is reflexive we 

x n -y n ■ 

may assume that converges weakly to z, 1 Izl 1 < 1. Hence 

(j^/z)^ = 1 = (J*/z)^/ which gives Ifllxll llzll<l and 
X y 

l<!lyll llzll<l/SO that I I zl I =1. But in this case x = az 

and y = hz for some a and b# This is not possible since x and 
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y are linearly independent. Hence we may take 
T) == Inf {C(x;6/z) + C(y;0,z) : | Izl I > e >0}. 

3 *8 Triangle contractive maps and their continuity 
Let f ; X -♦ X/ we define 

(i) f is triangle expansion bounded of type I (TEB I) if 

Some 

for^ a > 0 and any x^y/Z e x 

I I fx- fy I I < cc I I x-y I 1 / I I fy- f z I I < a 1 I y- z I I and 

1 I fz-fxl i £ ttl 1 z-xl 1 

or A(fx;fy/fz) < a A(xjy,z), A(fy;fz,fx) < a A(y;z,x) 
and A( fz; fx/ fy) < oc. A(z;x,y). 

If O < a < 1/ then we call f to be triangle 
contractive of type I (TC I) . 

( ii) f is triangle expansion bounded of type II (TEB II) and 
triangle contractive of type II (TC II) respectively if 
the conditions of (i) are satisfied with A replaced by B. 

( iii) f is triangle expansion bounded of type III (TEB III) if 

some- 

f or^ a > 0 and any X/y/Z e X/ either I ! fx-fyl I <_ ct I ix-yl I / 

I I fy- f z 1 1 < a I I y-z I I and I i fz-fxl I < a I 1 z-xl 1 

or C(fx;fy/fz) < a C(x?y/z), C(fx;fz,fy) < a C(x?Z/y) , 
C(fy;fZ/fx) < oc, C(y;z,x), C(fy;fxrfz) < oc, C(yyx/ 2 ), 
C(fzjfx/fy) < a C(z;x,y) and C(fz;fy,fx) <aC(z;y,x). 

If 0 < a < 1, then f is called triangle contractive of 


type III (TC III). 
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The following two th-eorem^ establish the existence of 
fixtures of TC maps in the absence of continuity. These results 
are also useful in proving the existence of fixtures in general. 
Now onwards we take ft X -* X. 

Theorem 3 . 8.1 . If f is TEB I or TEB II and is not continuous 

then fX is contained in a line. 

Proof . Suppose f is TEB I and is not continuous at X/ let 
be a sequence converging to x but fx^^ fx, then there is an 
e > C such that I I fx^-fxi 1 >e/n = l/2/... . We consider 
L(fx 2 _#fx). If fX Cp. L(fx^/fx), choose z e X such that 
fz ^ L( fx^ / fx) . 

Since 1 1 fx^-fxl 1 > al Ix^^-xl I for sufficiently large n/ we 
must have 

A( fx^;fx/ fx^^) < a A(x^;x,Xj_) 

( 1 ) 

and A(fx^Jfx/fz) < cc A(x^jxyz) 

By Proposition 3.2.1, 

A(x^;x,x^) = A(x^-x;6 ,Xj_-x) -♦ 0, and 
similarly A(x^“,x,z) •* 0. 

On the other hand, since fx 2 _-fx and fz-fx are linearly 
independent, by Lemma 3.7.1, 

A( fXj^;fx, fx 2 _) + A( fx^;fx, fz)>^> 0. 

This leads to a contradiction, hence L(fx^,fx) must be a fixed 
line and f X C. L (fx^,fx)* 





A similar proof works when f is TEB II. 

Theorem 3.8.2 . if f is TEB III and is not continuous then fX 
is contained in a line/ provided X is reflexive. 

Proof . We proceed on the same lines as in Theorem 3.8.1 except 
that we replace the inequalities (1) by 

C( fx^ ; fx/ fx^) < a C(x^;x/Xj^) 

and GC fz; fx/ fXj^) < a C(z;x/X|^), 

and then apply Proposition 3.6.1 and Lemma 3.7.2 to get the 
required result. 

3*5 Fixtures of TC maps 

Having seen in the first chapter that fixtures of TC 
maps exist in in finite- dimensional Hilbert spaces/ of-course 
under certain conditions on the function/ we do expect a similar 
result in the case of infinite-dimensional noinned linear spaces 
and we prove the same under certain conditions on the function 
and space/ and in one case we assume the space to be finite- 
dimensional. We begin by proving a result which is basic for 
the proof of our main results. We first give the following 
def initioni 

A map f : X -♦ X is said to have the property (a) if 
"there exists a fixed ooint of f or a sequence {x J in X and 
a sequence {t^} of numbers such that fx^^ = ^n ^ ^ 

all n,l Ix^l I - and the sequence {x^} converges". 

A continuous TC map on a finite- dimensional space 
clearly has the property (a) . Apart from thls/ we have shown 
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in Theorem 3.9.5 that there are in finite- dimensional situations 
also in which TC maps have the property (a) . 

CL fuxed }x.u-nt 

Theorem 3 .9.1 . Let X be a Banach space/ f is a TC map^on X with 
the property (a)/ then there exists a direction such that lines 
parallel to this direction are mapped on lines parallel to it. 

Proof . The proofs differ for each type of TC map. 

(i) Let f be TC I. For sufficiently large n and for any x s x. 

(1) I 1 fXj^-fxl I > a 1 Ix^-xl I / 

hence A(fy;fx^/fx) < a ACy;Xj^/x) for any y e X/ i.e. 

I I fXj^-fxl I I I fy-fx+^^( fx-fx^) I I 


< <x 1 1 x;j^“X 


y-x+X' Cx-x„) I 1 
-2 T. n 


n 


Since 




-xl 


fx^-fxi ' l — sufficiently large n/ 


(2) 1 I fy-fx+X^(fx-fXj^l I < a 1 ly-x+V(x-x^) I i . 

P 

Here fy-fx+\^( fx-fXj^) J_ fx^fXj^/ hence 

1 1 fy-fx+X^( fx-fx^) M < I 1 fy-fxl 1 / 

and thus the sequence { 1 1 fy-fx+X^( I I fx-fx^^l I ) (fx-fx^^) 11} is 
bounded; it either converges or has a convergent subsequence. 
By hypothesis i^} converges to some w and hence {x^-x} and 
{fXj^-fxl also converge to w. Taking limit as n -* oo, the 
inequality (2) gives 

(3) II fy-fx+Xwl I ^ I ly— x+X'^wl ! , 
where fy-fx+\w J. w and y-x+\'w X 'W- 
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From this inequality we gain conclude that lines parallel to w 
are mapped on lines parallel to w. 

Theorem 3 »9 . 2 . Let X be any Banach space in which orthogonality 
is left additive and f is TC I on X and has the property (a>/ 
then f has a fixture. 

Proof . Following the arguments of the proof of Theorem 3.9»l(i) 
we get the inequality (3) as 

i I fy-fx-Mwl 1 < a I ly-x-M'wl I for all x^y e X. 

Here fy-fx-qw 1 w and y-x-M'w J. w. The latter relation implies 
that 1 ly-x-M^I 1 < I iy-xl 1 / hence 

(1) II fy-fx-4wl I < a I ly-x-M^wl 1 < a I Iy-xl I . 

We define T ; X -» X where for x e x, Tx = fx-Mj_ w, 
is chosen so that fx-M^w ± w. 

Also for any y e X, Ty = fy-M 2 W where fy-M 2 W 1 w. By left 
additivity of the orthogonality/ fx-fy- ( w J. W/ and using 
left uniqueness of the orthogonality, 

I I Tx-Tyl 1=11 fx-fy-jUwl 1 < a I I y-xl I . 

Therefore, T is a contraction and has a fixed point x^ e X so 
that TXq = fx^-M^^w = Xq. 

Now if L is the line through x^ and fx^ then it is parallel 
to w and it is mapped on itself under f, by Theorem 3.9.I. Thus L 


is fixed under f. 
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Z^eorem 3 .9 .>3 . If X is a Banach space and f is TC II on X/ with 
the property (a) , then f has a fixture# 

Proof. Proceeding as in the proof of the Theorem 3.9.1(ii) 
we get the inequality (4' ) which we re-write as 


(1) II fx-fy-(J . fx-fy)wl I < a I lx-y-(J ,x-y)wl I . 

Let M = {zex;wlz}={2ex; (J .z) = 0} , Then M is a 

w 

closed hyperplane in X. We define : X -» M, where for x s X, 
Pj^x = x-(J^/x)w clearly Pj^x £ M, we call p^^ the projection On M. 
From the inequality (1) / for any X/y £ M, we have 


I IPj^fx-Pjyjfyl I < a I iPjyiX-Pj^yl 1 = a| Ix-yl I . 

This shows that Pj^f is a contraction on M. Since M is closed 
subspace of X/ Pj^f has a fixed point x^ e M so that P^^fx^ = x^. 

Let L be a line through x^ and parallel to W/ then 
applying (1) to and any u e L, 

I I Pjyjfu-Pj^fxQ I I < al IPj^u-XqI I = ai I u-( J^/u) w-Xq I I 

= a| I u-XqI 1 I I u-x^-( J^/U-X q) wl I 

= 0 . 

Now Pjyjfu-Pj^fx^ = 0 ==> fu-(J^, fu)w = x^ 

==> fu-x^ = (J .fu)w 
o w 

==> fu e L. 

Hence L is fixed xander f. 
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Remark . To arrive at the desired conclusion we need the left 
additivity of orthogonality in Theorem 3.9.2. In a two-dimensional 
strictly convex space X left additivity of the orthogonality can 
be shown as follows s 

For e X and B y , ^ ^ x 1 z and y 1 z, 

then X and z are linearly independent, suppose y = kx+t-z 
some \ and M . If A. = O then obviously M = 0 - not possible, 
so k 0/ dividing by k we have x + ^ z X z. Now by strict 
convexity js = 0, hence y = kx and then x+y = (l+k)x X z. 

However, in spaces of higher cJimension the condition 
appears to be too strong, possibly satisfied only in inner 
product spaces. In the following theorem we replace this 
condition by a condition on f and prove the existence of fixture 
when f is either TC I or TC III on a finite-dimensional space. 

Theorem 3.9.4 . Let X be a finite- dimensional Banach space, f 
is either TC I or TC III for which the following holds s 

^There exists a bounded sequence in X such that 

1 I fZj^-Zj^ I I -0 as n ■* co' . 

Then f has a fixture. 

Proof. In view of Theorems 3.8.1 and 3.8.2 we can assume f to 
be continuous* Since X is finite— dimensional f has property (a) . 

( i) Let f be TC I. Proceeding as in Theorem 3.9.2 we get 
the inequality (1) of that theorem as 

1 ! fy-fx“/iwl I £ 0^ 1 ly~x-M^wl I < ocl ly-xl 1 for any x,y s X. 
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Putting y = fz^ and x = 

Since Iz^} is a boiinded sequence, it either converges or has a 
convergent subsequence converging to z^. Taking limit as n -* <» 

(1) i 1 f^z^-fz^-kwl I £ I I fz^-z^-k'wl I < 0 

where x and X' are limits of the bounded sequences ^^nd 

(or their subsequences) respectively. 

The inequality (1) implies that the line L through z^ and 
fz^ is parallel to w and is fixed. 

( ii) Let f be TC III. Following the lines of proof of Theorem 
3.9.1(iii) we get the inequality {5* ) of that theorem as 

I I fy~fxi 1^-(J , fy-fx)^ < [ I ly-xl l^-(J_/y-x)^ ] 

W W 

for any x,y e X. 

Putting y = fz^ and = z^^, and taking limit 

- (J^,f^z^-fz^)^ < 0 

where z^ is as in (i) above. 

Now if L is a line through fz^^ parallel to w, then 

2 

f Zq e L, and hence it follows from Theorem 3.9.1(iii) that L 
is fixed under f. 


Theorem 3.9.5. 


In a reflexive Banach space X, 
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(i) If f is TC I or TC III, completely continuous (CC) and 
is such that f0 fx for any I Ixl I <1/ then f has the 
property (a) . 

(ii) If f is TC II, CC and is such that f0 fx for any 

*1 

Mxl I <1, then f has the property (a) provided a < ~ 
and J is weak to weak* continuous. 

Proof . If f has no fixed point then applying Schauder's fixed 

point theorem to the composite function T^f, where T is the 

n n 

radial retraction on the sphere we obtain a sequence 

such that fx^ = X^^x^ with > 1 and 11x^11 -» oo. Putting 



We will first show that w / 6 : 

Case I . f is TC I, then by inequality (2) of Theorem 3.9.1 we 

have for any x,y s x, II fy-fx+X^( fx-fx^^) II < a| I y-x+X^(x-x^) I 1 ^ 

CXI ly-xl I . Therefore by passing on to a subsequence of 

weak 

{ fy-fx+Xj^( fx-fXj^) } and using the^lower semi~continuity of the 
norm we get for some X 

I I fy-fx+Xwl I < a| ly-xl I . 

If w = 0, f becomes a contraction, which is false (f has no 
fixed point) . 

When f is TC III, we use (5) in place of (2) to prove 

w 0 . 

Case II . If f is TC II then by inequality (4) of Theorem 3.9.1 


we have 
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I I fx-fy 1 1 I I fx-fy~(j ^ , fx~fy) (fjr -fx) I I 

f X - f X 

n 

< allx-yll llx-y-(j . /X-y) (x -x) II < 2allx-yll 

Xn-x 

K^eak. 

Weak to weak continuity of J together with^lower semi-continuity 
of norm again yields 


I 1 fx-fyl I I I fx-fy-( J , fx-fy) wl 1 

w 

< 2a I I x-y I 1 • 

Hence as above w ^ 6 , since a < ^. 

Since f is TC of any of the three types/ the inequality 
(1) of Theorem 3.9.1 implies that the collinear points 0/ 3 ^ 
and Xj^ are mapped on collinear points. 

Therefore, fx^ = fx^ + f©, for some 


= “n « 

= “n ^'n 

Since f is CC we may assume fx^^ -*■ fw, hence oan not be 

unbounded. Also since I x^ M -* 00 , -we can assume a^ -► 0, and 
then 

fw = y+f©/ where y = lim a^k I 1 x^ I 1 Xj^. 

Here y / 6 by hypothesis, hence y = tw for some t, thus ■* w, 
and f has the property (a) . 

3*10 Existence of fixtures under different conditions 

Theorem 3.10.1 . If f is TC I or TC II and L is a line with 
x,y e L such that fx, fy e l and I I fx-fy I 1 >01 Ix-yl I > O where 
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3 > a, then L is a fixed line. Further •* L for any w e X. 

Proof . Let f be TC I. For any w e L, we have by hypothesis^ 

A(fw;fx, fy) < a A(w;x.y) = 0 
li©nc 0 fw ^ L 3.nc3. it is fix©c3.» 

Again for any w £ X' 

A(f^'*‘^w;fx, fy) < a A(f^ w;x/y) implies that 

llfx-fyll £y) M 

<allx-yll llf"w-(^„£x+(l-V*y>"' =i'Ux,fy) 

Also since llfx-fyll > Silx-yll 

- I iiFw-c^„fx+(i-Vfy)ii 

Iterating n times/ 

,,f^+iw-(x^^ifx4-(i-^^^i)fY)i' £ iifw-(\ fxt(i-\)fy)ii- 

Since fx fy and fw-(X^fx+(l-\) fy) ^ fx-fy/ hence 


fw-(X]_fx+(l-Xi)fy)N < llfw-fyll. 


^ 2 _gQ C^)’^ -» 0 as n Taking limit, it ^oHoiaJS 

\J 

A similar proof can be given when f is TC II- 

Remarlc . The first part of Theorem 3.10.1 trivially holds when 

bs pxrov6c3, when x 3.nd y ^ne 


f is TC III# but the second can 
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fixed points/ as has been done in Proposition 3.11.1. 

Theorem 3 .10.2 . If f is a TC map of any of the three types/ 

X/y are distinct points of X with f x = y and f y = x then L(x/y) 
is a fixed line. 

Proof . If L(x/y) is not fixed we can get z e L(x/y) where 
fz ^ L(x/y) and since 1 I fx~fyl I > cxi Ix-yl I / we must have/ 
assuming f to be TC 1/ 

A(fz;fX/fy) < a A(z;x/y). 

But A(z;x/y) = 0 and A(fz;fx/fy) 0 gives a contradiction. 
Similarly we can prove when f is TC II or TC III. 

Theorem 3 .10.3 . Let f be a TEB map of any of the three types 
and w e X has the property that every neighbourhood of w contains 
a point X and fx/ then either w is a fixed point or L(w/fw) is 
a fixed line containing fX. 

Proof . Take f to be TEB I and assume that neither w is a fixed 
point nor L(w/fw) is a fixed line/ choose z £ X where 
fz ^ L(w/ fw) . 

By hypothesis we can get a sequence such that w 

and fXj^ -» w. Now for sufficiently large n, I I fX|^-fwl I > 
<xilXj^-wll, hence A(fx^yfW/fz) < cx A(x^ ^W/ z) , where z is as 
chosen above. This leads to a contradiction since A(X|^;w/z) -*-0 
but A( fXj^jfw, fz)>'^> 0 for all n. 

Similar proofs can be given when f is TEB II or TEB III. 
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3.11 Consequences of the existence of more than one fixture 

Proposition 3.11.1 . Let f be a TC map of any of the three 
types with x and y as its distinct fixed points/ then L = L(x/y) 
is a fixed line. Further f^w -♦ L for any w s X. 

Proof . If f is TC I or TC II then the result follows from 
Theorem 3.10.1. 

Let f be TC III. For any 2 e L, we have by hypothesis 
C(fz;fx/fy) < a C(z?X/y) 

i.e. I I fz-xl I [l-(J ^ /x-y) ^ < al I z-xl I [l-(J . /X-y)^]^-^^. 

fz-x z-x 

'*■2 

This gives either fz = x or (J ^ /X-y) =1/ in either case 

fz-x 

fz S L. 

To prove the second part take any w £ X and replace fz 

^•pJOp 

by f^'^'^w in the above inequality/ then 

1 I f’^'^^w-xl 1 [l-(J /X-y)^ < a| I f“w-xl I [l-J ^ /X-y)^]^-^^. 

fH+l^Lj, - f^w-x 

By induction/ 

I 1 f^'^^w^xl I [l- ( J / x-y) ^ I I fw-xl I [l- ( J ^ / x-y) ] ^ . 

f’^+lw-x 

since a < 1 ^ a’^ -► 0 as n -» <»/ hence f'^w -♦ L. 

Proposition 3.11.2 . Let f be a TC map of any of the three 
types/ and X/y/Z are its fixed points/ then they are collinear. 

Proof. Let f be TC I (similar proof works when f is TC II 


or TC III) . Since 1 I fx-fyl I > a I I x-y I I / 



77 


A(f2;fx,fy) =A(2;x/y) £aA(z;x,y). 

Thus A(z;x/y) = 0, hence X/y,z are collinear. 

Proposition 3 . 11 . 3 . If f is a TC map of any of the three types 
then limits of convergent sequences of iterates are collinear 
whenever such sequences exist. 

Proof . Let f be TC 1 / {f^w^}, {f^W2} and { f*^ w^ } be three 
sequences of iterates converging to ’^3 respectively. 

Assuming distinct/ 

! I f^ w^- f’^Wj I I -» i I 1 I > 0 for all i and j / 

hence for sufficiently large n, 

(1) 1 1 f’^Wj_-f^Wj I I > a I I I I , i/j = 1 / 2 / 3 . 

Also A( f'^ Wj^ ; f^ W2 / f^ ^ I 1 f^ vi2~ I I 1 I f^ w^“ f^ W2 + 

+ ( f^ W 2 - ) 1 1 

where f^ ^ ^ ^2" ^^3' ^^n^ 

bounded. Taking limit as n •* «>/ 

I 

AC f’^w^ /* f^W2 / f^w^ ) -» A(v^ '^3 ^ * 

If A(v^;v2/V2) > 0 / then for sufficiently large n, 

( 2 ) A(f’^w^;f^W2,f^W3) > a A( ; f^"^W2 / f^~^W3 ) . 

The inequalities ( 1 ) end ( 2 ) together lead to a contradiction. 
Hence A(v^;v2#V3) = 0 and so v^/V2/V3 are collinear. 
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A similar proof can be given when f is TC II. 

When f is TC III/ proceeding as above we can get the 
inequality (1) . Also 

C ( f^W2_ ; f ^W2 / f^w^ ) 

1 

= 4 [ I I f^W. -f^W^ 1 I ^ I I f^W,-f^W^ 1 I ^- ( J / Wo~f^ w,)^]^ . 

2 1 2 3 2 f^w^-f^W2 ^ ^ 

Since J is no 2 nn to w * continuous/ taking limit as n -► <» 

cCf’^ w^;f’^W2/f^ Wj ) ■* C(vj^ ;v2 / ) . 

This again gives an inequality similar to ( 2 ), hence 
are collinear. 

Proposition 3.11.4 . If f is TC I or TC II/ and L 2 are two 
distinct lines satisfying the conditions of Theorem 3.10.1/ 
then f has one and only one fixed point p - the intersection 
of and L 2 . Further f^ w -* p for each w e X. 

Proof . By Theorem 3.10.1 both and L 2 are fixed lines and 

f^ w -» and f^w -♦ L 2 for each w s X. Hence and L 2 intersect 

in p which is a fixed point and f^ w -*• p for each w e X/ and 
this implies that if q is any other fixed point then q = p. 

Proposition 3.11.5 . If f is TC I or TC II on a Banach space 
X/ and L 2 are distinct fixed lines of f then there are 
fixed points and X 2 on and L 2 respectively, x^ and X 2 
may be coincident. 

Proof. If f is contractive on as well as on L 2 then there 
are fixed points and X 2 on and L 2 respectively. 
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Suppose f is not contractive on then it satisfies the 
conditions of Theorem 3.10.1 on , hence f^w -*• for every w s X/ 
in particular for each w e L 2 . Since L 2 is fixed^ and L 2 
intersect and the point of intersection is a fixed point. 

Proposition 3.11.6 . If f is TC I or TC II on a Banach space X, 
with a fixed line L and a fixed point p not on L. then f is 
contractive on L and so has a fixed point on L. 

Proof . If f is not contractive on then by Theorem 3.10.1/ 
f^w ■* L for each w e X/ hence p e l - a contradiction. 

From the above results the following theorem can be proved 
easily ; 

Theorem 3 .11 .7 . Let f be TC I or TC II. 

(i) The point of intersection (if any) of two different fixed 
lines is a fixed point. 

(ii) If f has no fixed point then it has atmost one fixed line/ 
and if it does have one such line h, then f^ w -» L for 
each w e X. 

(iii) If f has exactly one fixed point p then its fixed lines 
(if any) all pass through p. 

( iv) If f has two or more fixed points then they will all lie 
on a fixed line L. Moreover any other fixed line M will 
intersect L and f^w -* L for each w e X. 

Proof (i) Trivial. 
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If f has a fixed line L then f can not be contractive on 
L/ otherwise it will have a fixed point also. By Theorem 
3.10.1/ f^w-^L for any w e X. 

Moreover if M is any other fixed line then by 
proposition 3.11.5 it will intersect L in a fixed point - 
not possible. 

If L is a fixed line not passing through p, then by 
Proposition 3.11.6 there is another fixed point on L, 
which contradicts the h^^othesis. 

By proposition 3.11.2 all fixed points lie on a line L/ 
which is fixed by Theorem 3.10.1 and f^w -» L for each 
w e X. Moreover any other fixed line M will intersect L 
by proposition 3.11.5. 

3.12 Examples of TC maps 

We have already proved that if in a two-dimensional space 

orthogonality is symmetric then A^Cx,y/Z) = A 2 (x/y/ z) = A(x/y/ z) 

1 

(say) and A(x/y/Z) = ’ ^^1^2”^2^1^’^^yi^2“^2^1^‘‘'^^1^2“^2^1^ * 

where x = (xj_/X 2 )/ y = ^ ~ (zj^/Z 2 ) with respect to 

two orthogonal unit vectors- 

This expression for A(x/y/z) is the same as that for a 
two-dimensional Hilbert space and hence all the results and 
examples concerning fixtures of TC and TEB maps for Hilbert 
spaces hold here as well. 

2 

As a concrete example we consider/ X = ' where for 

X = (x^/X 2 ) e X/ we define 


( ii) 


(iii) 


(iv) 
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If f has a fixed line L then f can not be contractive on 
L/ otherwise it will have a fixed point also. By Theorem 
3.10.1/ f^w -♦ L for any w s x. 

Moreover if M is any other fixed line then by 
proposition 3.11.5 it will intersect L in a fixed point - 
not possible. 

If L is a fixed line not passing through p/ then by 
Proposition 3.11.6 there is another fixed point on L/ 
which contradicts the h;i7pothesis . 

By proposition 3.11.2 all fixed points lie on a line L, 
which is fixed by Theorem 3.10.1 and f^ w ■* L for each 
w e X. Moreover any other fixed line M will intersect L 
by proposition 3.11.5. 

3.12 Examples of TC maps 

We have already proved that if in a two-dimensional space 
orthogonality is symmetric then Aj^(x,y/z) = ^2 (x/y/ z) = A(x/y/ z) 
(say) and A(x/y,z) = \ 

where x = (xj_/X 2 )/ y = (y]_^y 2 ) ^ with respect to 

two orthogonal unit vectors- 

This expression for A(x/y/z) is the same as that for a 
two-dimensional Hilbert space and hence all the results and 
examples concerning fixtures of TC and TEB maps for Hilbert 
spaces hold here as well. 

2 

As a concrete example we consider/ X = where for 
X = ^ define 


( ii) 


( iii) 


(iv) 
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xl 


* + 1 x 2 !^)^'^^ if Xj^ > 0/ X 2 > 0 or x^ < 0, X 2 < 0 
( I Xj_ I X 2 I if Xj, > 0,X2 < 0 or x^ < O/X 2 > 0. 


With this norm the orthogonality is symmetric in X and the space 
is smooth and strictly convex. We define 

f ; X - X where = (x^, -j) for any (x^/X 2 ) s X, then 

for any X/y^z e X/ 


llfx^fyll < M x-yl I / I I fy-fzl I < 1 I y-zl I / I 1 fz-fxl I £ I i z-xl I / 

and A(fx/fy/fz) = j A(x/y,z) 

Hence f is TC . 


We next take the example of a strictly convex and smooth 

. 7 

space in which the orthogonality is not symmetric. X = > 2, 

with usual norm is such a space- We first derive an expression 

for A(z;x/y) in this space where we know that 


(J^.y) = 


I I P“1 , I I P“1 

I x^ I y^ sgn X]^+lx 2 l Y2 sgn x^ 


I Ixl 

1 

A(y;e,x) = TT I 1x1 1 1 ly-kxl 1/ where (J ^ ,x) = 0, which means 

z y- Ax 

that 


ly^^-kx^l^ ^ x^^ sgn (y^- Axj^) + Iy 2 -^X 2 1^ ^ X 2 sgn (y 2 -^ 2 ^ ~ 
Only two possibilities are there : 


(i) same sign and (y^^-Xxj^)/ (y 2 ”Xx 2 ) are of 

opposite signs. We can assume, without loss of generality, 
that x^ > 0 and X 2 > 0. 
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x^/X 2 have opposite signs and (y^-Ax^) / (y 2 '~Ax 2 ) have 
same sign. 

When (i) is there we can write/ 


(y2“Ax^)x^ ^ = -(y2“Ax2)x|’*'^ , which gives 

1 1 

Yl + ¥ 2 ^^"^ 

A = / and then 

P P 

+ x?-^ 


y^-Ax^ 


xP~^(yiX2-y2Xi) ^ 

and y^-Ax^ = r 

_EL_ _E_ ^2 2 _£^ 


X? ^ + 5<S ^ 


-2 P P 

A 1 1 — iil w 

1 _2_ _2_ i 


hence A(y;0/x) = j 




^^2-^2^! 


+xP-l 


1 I I xl 1 11 

' 2 TTm~ 5 5 ' 

We get the same expression for A(y;6/x) when (ii) is there. 

It can be easily seen that 

1 

(lx I ^ + I x,^ I ^ 

( 1 ) — _ < i — < 1 , for p > 2 (and so g < p) 

2^ P ( lxj_l^ + 1 x 2 !^)^ 

. I 1 y-xl I 

NoW/ A(z;x/y) = 2 ( 1 y-xl I ' ^^y 2 ~^ 2 ^ 1 ^ ^1^2“'^2^1^ * * 

^ q 

Similar expressions for A(x;y/z) and A(y;z/x) can also be 


obta ined 
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2 2 

We define f ; -♦ f(x^/X 2 ) = 

2 2 
(x 2 _/X 2 ) s 5 ,^. Then for any x.,y,z s x 


( x^ +1 y for any 


I I fx-fyl I < I Ix-yl I y I I fy-fzl I < I ly-zl I , II fz-fxl I < I I z-xl I y 

^ I I fy-fxl I ^ 

and A(fz;fxyfy) = 2 TT fy-fxl I 2 ' ^^iy2"^2yi ^ +‘^^1 ^2“y2 ^ 

q 

+ Cz^X2-Z2^)I 

1 

< I (x^y2~x2yj^)+(y^Z2-y2 22.^'^^^1^2"’^2^1^ * ' 


I I y-xl I 
^ I ly-xll^ 

? 

i - i 

^q p 


(by inequality (1)) 


l(xj^Yj-X2Yj) + (Yj^22‘y2^l' + 

f CZiXj-ZjXj) 


(again by inequality (1)) 


< : 5- A(z;xyy) 

I- L + L 

2 q p 


< — ^ A(z;x,y) 


Similarly, A(fxjfyyfz) < — A(x;y/z) 


and A(fy;fzyfz) < —y A(y;zyx) . 


Therefore f is TC I and has x^-axis as the only fixture. 


In the same space we can also look for an expression for 


B(z;xyy). As above we start with 
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B(yj0 , x) = j M xl 


1 

2 


I ly - j xl I 


Ixl I 


P-1 


P-1 


I I X I I I I ( y]_ / 72 ) ~ 


I Xj^ ! ■ y^ sgn x^ + 1 X 2 I ^ y 2 sgn X 2 


Ixl 


X ( x^^ / X2)l I 

P-1 


2 1 Ixl |1^ 


^ I I (y^ 1 I xl I 1 x^ 1 ^y^- I X 2 I ^ ^ 2 * 

y 2 I I X I 1 1^- I X 2 I ^72“ 1 1 ^y^ X 2 sgn Xj_ ) 1 


Zi tly^x^-x^ ^y2X^ P+ly^j^-xJ ^y^X2l^] 


-1 


211x11^ 


1 

2 


(we have considered the case when 

x^ > 0/ X 2 > 0, similarly other cases 

can be dealt with) . 

1 


Eli 

[x? + xP]P 


1 x^y 2 '”X 2 y^ 1 


Ixl 


1 

2 


I P-1 
P Vq 


Ixl 


p,]_ Ix^y2-X2y^l 


Again it is easy to verify that 


1x1 


( 2 ) 


,q P P 

1 ly-xl 1 ^ 2 ^ 


I P-1 
2 

< 1 ^ for p > 2. 


Now B(zjx/y) *= j „ 

lly-xIlP 





85 


and two similar expressions for B(x;y/Z) and B(y;z/x) . 

In view of the inequality (2) the mapping f(x^/X 2 ) = 
(xj^+1/ is TC II alsO/ and f has a fixture as already seen. 

We also note that some more examples of functions as 

2 

given in [lo] trivially turn out to be TC I and TC II on ^ 


(p > 2) . 



CHAPTER IV 


SOME GEOMETRIC CHARACTERIZATIONS OF INNER PRODUCT SPACES 

4.1 Introduction . In this chapter our object of study is 
geometric characterizations of inner product spaces amongst 
normed linear spaces. Some such characterizations arose out 
of our consideration of various definitions of the area of a 
triangle in the third chapter. Here we would be concerned 
with refinements of some of the known characterizations. Day^s 
[ 5 ] refinement ^rhombi suffice' of the parallelogram law is 
among the well-known ones. There are some characterizations 
which have been described in terms of orthogonality. For exampl 
it is known that if in a normed linear space X orthogonality 
implies isosceles orthogonality then X must be an inner product 
space. We improve upon this characterization in the same sense 
as Day did for the parallelogram law/ and in the same vein some 
characterizations due to Day [6], Kapoor and Prasad [22^ and 
Holub [is], have been refined. 

4.2 The main result and its corollaries 

Theorem 4.2.1 . I'or a real normed linear space X the following 
are equivalent : 

(i) X is an inner product space. 

(ii) x/y e S, X 1 y ==> x y 

(iii) m(X) = f2 (see Definition 0.2.13). 
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Proof (i) ==> (ii) is obvious and (iii) ==> (i) is proved in [ill 
We have to prove (ii) ==> (iii). This proof consists of many 
steps which we give below as lemmas. 

Lemma 4.2.2 . If X satisfies (ii) then it is strictly convex. 

Proof . Assuming X is not strictly convex# choose [l9# Theorem 
4.3 J X/y e S such that x ± y and (Xy-t-x X y where QC > 0 is chosen 
to be the largest such number. Let (J>(t) = I Ix+tyl I# we see that 
<}> is a convex function of t, and since 

1 = I Ixl I < I Ix+CXyl 1 < I Ix+OCy+Xyl | for A 6 R. 

Putting K = -a, (pCo) = <|)(a) = 1. Also for 0 < t < a# 

<j)(t) = <)>(>^^ 0 +A 2 a) < <f'(0)+X24i (a) =1# where ^^+^2 ~ >0# 

Hence 4)(t) =1 for 0 < t < ot# and <{)(t) is strictly increasing 
with t for t > a. 

By hypothesis# x X y implies I Ix+yl I = I Ix-yl I and ocy+x X y 
implies 1 I (ot+l)y+xl 1 = 11 (a-l)y+xl 1 . Consequently# (()(1) = <f>(-l) 
and 4>(<x+l) = <|)(ct-l)# thus 0 < a £ 1. 

Now# !l)(a-l) = ll(a-l)y+xll = ll^(x+y)+(l - |) (x-y) I I 

< 1 Ix+yl I = <t>(l) = ll(l-|) ( (cx+l)y+x)+ j( (cx-l)y+x) I I 

< <!) (a-l) . 

This implies that 'l>(cx-l) = <J)(1) - not possible. Hence X has 
to be strictly convex* 
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Lemma 4.2.3 . If X satisfies (ii) then orthogonality is symmetric. 

Proof . If not/ let x 1 y and ctx+y X X/ 11x11 = I lyl I = 1/ a > 0. 
If 3 = I lotx+yl I / then 1 = Myl I = I Ictx+y-otxl I > I l<xx+yl I = 3 > 

Let I Ix+yl ! = I Ix-yl I = a and I I (3+<^)x;+yl 1=11 (3”<^)x-yl 1 = b/ 

then b = I 1 (3“0^)x-yl 1 = 1 I - (x+y) + (x-y) 1 I £ a 

[since 3 = llax+yll < a+l and J . similarly we 

can obtain a < b. Thus we have 

1 1 x+y 11 =11 x-y 1 1 = I 1 ( 3+<^) x+y 11 = 1 I ( p-cc) x-y I 1 / 
which is false since X is strictly convex. 

Lemma 4.2.4 . If X satisfies (ii) then it satisfies 

(1) x/y e S/ X 1 y ==> I Ix+yl I = 1 Ix-yl I = ^2. 

Proof . Let x,y e S and x 1 y. Firstly/ we will show that 
x+y 1 x-y. If not/ let x+ay 1 x-y, where in view of the 
symmetry of orthogonality we may assume 0 < a < 1. Let 
I I x+ay I I = 3 ]l ' Ix-yl I = 32 ' Ix+yl i / clearly 3^^ < 32* 

We may further assume that X is a plane and introduce a 
coordinate system with x = (1/0) and y = (0/1) . Then x+ay = (1/a) 
and x-y = (1/-1). Using the result of Day [S/ p. 331 ] that 
u = (Uj^/U 2 ) and v = (v 3 _/V 2 ) are orthogonal if and only if 
Iu^V 2 -U 2 V^I = 1 lul 1 I Ivl I / we obtain 3^32 = (1+a) • 

Moreover/ from hypothesis we have 


( 2 ) 


I 1 (32+0i)x+(a32-%)yl I = I l(32-%)x+^a32+%)yl 1 
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which yields 82 +% 1 


I Ix+yi I =52 = ' 'ih + fir (^y> " i ife % + m h 

so that a ^2 £ 8 j_ • 

In view of these inequalities# (2) becomes 


^2'*'% ~ II( 82 “' 8 ^)x + 28^yi 


82“^! 2 3 

8j+^ ^ 


which contradicts strict convexity fltnl^ss 8 ^ 
a = 1 . Thus x+y X x-y and I Ix+yl I = I Ix-yl I 


But then 


Proof of Theorem 4.2 «1 . 

Let X X y be any pair of non- zero vectors. 

Put F(t) = -vy- , 0 < t < ■». 

t I lyl l + l Ixl I 

F(t) is differentiable because X is smooth- symmetry of orthogona- 
lity and strict convexity gives smoothness. Let q'(x#y) denote 
the Gateaux derivative of the norm at x in the direction of y. 

For an extreme value of F# we have 


F^(t) =0 <==> q^(t y+X/y) = 


I lyl I lit v+xl 
t^ I lyl l + l Ixl I 


<==> 


2 

t y+xl 


(t^v+x/x) _ 


I lyl I II t^v+xl 
t^l lyl l+l Ixl I 


<==> 


/ / 2 s 

: Ct y+X/X) 


.iitVxn [S-O 


t^ I I Vl I +1 I xl l-t^ 


t (t^l lyl l+l Ixl I) 
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<==> q'(t^y+x,x) = 


2 

This gives q' ( t y+X/ 1 I yl I x- I I xl ly) 


I Ixl I II t^v+xl I 
t^l lyl l+l Ixl I 

2 

= 0, i.e. t y+x J. 


I Ixl I y- 1 lyl lx. 


This shows that there is only one extreme value of F(t) for 
t > 0/ which by Lemma 4.2.3 corresponds to t^ = ^nd the 

extreme value is 


F(t) 

extreme 


II I 1x1 ly+l I yl lxl I 
211x11 I lyl 1 



i 


which must be minimum. 


Thus ■■ ■' " £ ^2 whenever x 1 y. 


Then the rectangular constant 


m(x) 


Sup 
X 1 y 


I I xl l + l lyl I . 

I Ix+yl I - 


Hence m(x) = ^2, which was to be proved. 


We now give refinements of some of the earlier known results 
of Day [e], Kapoor and Prasad [22 } and Holub [l8 } as corollaries 
to our main theorem. 


Corollary 4.2.5 . A normed linear space X is an inner product 
space if it has any one of the following properties : 

(i) x,y e S, X y ==> x X y 

(ii) X/y e S, x X y ==> x X^ y 

(iii) x,y e S/ X X^y ==> x X y. 

Proof (i) Assiaming the space is not strictly convex^choose 
x,y e S and the largest real r) > 0 such that 0y+x X y, 0y+x e S, 
for all - V < ^ < We claim that x X^^ y. 
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The function I Ix+zl I - I Ix-zl I varies continuously between 
-2 and 2 , as z moves from -x to x along the curve / which is 
the intersection of S and the span of x and y. Hence there is a 
z = ax+by/ b > 0/ in , such that I Ix+zl I = I Ix-zl I . 

The hypothesis implies that x ± ax+by/ and 

b + aH yj b^ah 

1 = 1 I X - r)yl I = I I — g ^ ” b ^ b — ’ * 

Thus b > lb i aT]l . This leads to a contradiction unless a = 0 
and b = 1 and thus x 4.^^ y. 

Similarly it can be proved that 0y+x y for - 3 £ h • 

It is easily seen that H < 1 • 

Putting <{)(t) = 1 Ity+xl I we note that (J)(t) is a convex 
function with <J'(t) >1/ 4>(-H) = iVi) =1/ 4'(1) = '*’(■"!)• <Ji(t) 
is strictly decreasing for -■» < t £ - "H and strictly increasing 
for H £ t < <»/ and <{>(‘^+1) = / which is not possible since 

r)+l > 1 and -1 £ H-1 £ 0. Therefore/ the space must be strictly 
convex- 

To complete the proof we show that our hypothesis implies 
the hypothesis of Theorem 4.2.1. Let X/y s s and x X y/ choose 
a and b as above such that ax+by Xj^ Yt with a > 0# hence 
ax+by J_ y and from strict convexity it follows that a = 1 and 

b = 0. 

The proof of (ii) is immediate from Theorem 4.2.1/ and 
(iii) ==> (ii) can be proved following the lines of proof of 
(i) above. 
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Corollary 4.2,6. If X/y e s, x ± y ==> I Ix+yl I ^+1 Ix-yl 1^=4 then 
X Is an inner product space, provided orthogonality is assumed 
to be symmetric. 

Proof . Let x,y e S and x 1. y. Let x+ay X x-ay [29 J, where 

0 < a < 1. Put I I x+ay I I = 0^ and I I x-ay I I - hypothesis 

gives 

1 I 02+/3i)x+02-3i)ayl 1^+1 I = ^^1^2 

2 2 

and I Ix+yl I + I Ix-yl I =4, whence 

(1) ^^1^2 - (^2+%^^ (1+a^). 

Also I Ix+yl I = I (x+ay) + (x-ay) I 1 gives I Ix+yl I > 0^. 

Similarly 1 Ix-yl 1 X 2 ^ ^2 therefore 

(2) (|^)^ ( 0 I+ 0 I) < 4 

(1) and (2) ==> a = 1 and 0^ = 0^ = f2. 

By the main theorem we get the result. 

4.3 A sufficient condition for strict convexity 

If the symmetry of orthogonality is not there in Corollary 
4.2.6 we do not know how to prove it, though we feel it should be 
true. Without symmetry we can still prove that the space is 
strictly convex in the following 

2 2 2 2 1 
Theorem 4.3.1 . If x 1 y ==> I Ix+yl I +! Ix-yl 1 = 2 [l Ixl I +1 lyl I J 

then X is strictly convex. 
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Proof. Let 1 Ixtl = I lyl I = I | — [ =1. it can be easily seen 
that — X- 5C. Choose a such that X + X/ but then 

1 = I I I I < 1 I + Xa + \xl I # A e R. 

1 1 

Putting \ = - - and A = - we get Icci < 1 and I a+2 1 < 

which gives oc = ~1 , hence x+y X x-y. Now we must have 

8 = 11 x+y+x-y 11^ + II x+y- x+y I 1 ^ 

= 2 [| Ix+yl I ^ + I tx-yl 1^ 1 
=8 + 211 x-y 11^/ 

which implies that x = y# and the proof is complete. 



CHAPTER V 


METRIC PROJECTION BOUND AND THE LIPSCHITZ CONSTANT OF THE 

radial RETRACTION 

5.1 Introduction ♦ Looking at Theorems 5.1.1 and 5.1.3 about 
symmetry of orthogonality and Theorems 5.1.2 and 5.1.4 character- 
izing uniformly non-square Banach spaces# we were led to the 
equality of the two constants MPB(x) and k(x) of a normed linear 
space X. Our main result in this chapter is the proof of this 

equality. In the end we have given an expression for the metric 

2 

projection bounded of the space 2-^, and then we have calculated 

2 2 

the numerical values of the same for and 2^. 

We recall the definitions given in 0.2.16. Let X be a 
real normed linear space# M its non-trivial closed proper sub- 
space. The (possibly empty) set of best approximations to x 
from M is defined by 

Pjy^Cx) = {y e M ; Ilx-yll = d(x#M)} 

where d(x#M) = inf {Mx-mll : m s m} - The subspace M is called pro- 

.xirainal if Pj^(x) contains atleast one point for every x e X. The 

M 

mapping Pj^ : X -* 2 is called the metric projection on M. If M 
is proximinal# the norm of Pj^ is defined by 

I IPjyjl I = Sup { I lyl I : y e Pj^(x) # I Ixl I <1} 

It is easily seen that 1 < I > 1 2 for every proximinal sub- 
space M of X. The metric projection bound of X written as 
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MPB(X) is defined to be 

MPB(x) = Sup {I IPjyjl I : M proximinal subspace of X}. 

If X is a Hilbert space then MPB(X) =1. In general^ 

1 < MPB(x) <2. Deutsch and Lambert [l2] have constructed a 
Chebysev subspace in c[0/lj whose metric projection is linear 
and has norm two. Smith 1_28 ] has proved the following two 
theorems : 

Theorem 5.1.1 . The orthogonality is symmetric in a normed 
linear space X if and only if MPB(x) =1. 

Theorem 5.1.2 . A Banach space X is uniformly non-square if and 
only if MPB(X) < 2. 

We also know 

Theorem 5.1.3 . ( de Figueiredo and Karlovitz [l4]) . The orthogo- 
nality is symmetric in a normed linear space X if and only if 
the Lipschitz constant k(x) of radial retraction is one. 

Theorem 5 .1 .4 (Thele [31 ]) . A Banach space X is uniformly 
non-square if and only if k(X) < 2. 

Theorem 5.1.5 (Thele [31 ]) 

k(X) = sup I : y 7^ 0, X 1 y, \ 6 R} . 

5 .2 Metric projection bound and symmetry of orthogonality 

If X is a Hilbert space then orthogonality is symmetric 
and MPB(X) =1. In general we have the Theorem 5.1.1 which has 
recently been proved by Smith [28]/ but we give its proof for 
completion sake. 
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Proof of Theorem 5.1.1 

If the orthogonality is symmetric and dimension X 3 ^ 
then X is an inner product space and therefore MPB(X) = 1. 
Suppose dimension X = 2. Let M be a proper nontrivial subspace 
of X. M is the span [y] of some unit vector y. Let x s x and 
Py denote the metric projection on M. We then have 

tty e Py(x) <==> x-ay 1 y 
<==> y 1 x-ay 

<==> there is f e S(X*) such that 

f(y) = I lyl I =1 and f(x-ay) = 0. 

From this it follows that 

Py(x) = {f(x)y ; f e S(X*) , f(y) = 1}. 

Therefore/ 1 iPy' I = 1 MPB(X) =1. 

Suppose on the other hand that MPB(x) =1. Let x and y 
any two non-zero vectors- It is easily verified that x-y J. y 
implies that y e Py(x) - Now assxmne x 1 y, but then tx+y-y 1 y 
for any real t. Therefore y e Py(tx+y) - Now MPB(X) = 1 implies 
I lyl 1 < I Itx+yl I for any real t- Hence y 1 x. 

5 -3 Metric projection bound and Llpschltz constant of radial 
retraction 

Theorem 5 - 3 - 1 - Por any normed linear space X/ the metric 

projection bound MPB(X) and the Lipschitz constant k(X) are 
equal - 
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'^o prove the theorem we first prove the following 

Lepna 5.3.2 . MPB(X) = Sup {llPyll ; y e x} . 

Proof. Clearly Sup f 1 IP^I I : y e X} < MBP(x) = m(say) . 

Let e > 0/ choose M a proximinal subspace such that I iPj^l 1 > m—e, 
then there exists x e X and y e Pj^(x) such that llyl I > m~s . 

Also 1 Ix-y! I ^ I Ix-zl ! for every 2 e M/ therefore, I lx— yl I < 

I Ix-tyl I for every t e r, and hence y e P^Cx) . Then I IP^I | > 

I lyl I > m-s^ which proves the lemma. 

Proof of Theorem 5.3.1 . 

Let X J. y. Then y e p^(x+y) and therefore. 


jlL 


X+yl l 1 ' iPy" 1 MPB(X), 


which implies that 


^T Tx+y! l ' • ^ -L yj 1 MPB(X) = m Csay) . 


On the other hand if e >0, choose y e X such that 

1 IP 1 I > m-e. Let z be such that m-e < ■•■■•■ — -i - r- for some be p ( z) 
y — 1 1 2 1 I y 

then b = ty for some t e r and hence b e P, (z), giving that 


z-b 1 b. Thus m-e < sup / hence m = Sup j ' 


-ZLL 


X 1 y 

Using the result of Theorem 5.1.5 that 


X X y 


k(x) = Sup { 
= Sup { 


I Ivl I 
I 1 ax-y I I 

I Ivl I 
I 1 x+y I 1 


Y ^ 0 , X X y, tt e R} 
X X y} , 


we get the result of the theorem 
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5.4 Metric projection bound for z 


n 


It is easily seen that MPBCje.^) = 2 if p = 1 or «>. If 
p 1 or oo then S, is smooth. The normalized duality map J 

ir 


I iP”l 
lx. I sgn X 

is given by J(e) =0 and = ( 


xl 


cn X. , . 

for e ^ x=(Xj_). 


,P-2 


If 6 X and y = (y^) then x ± y if and only if 

I P-1 


n 

(J^/y) = s 
^ i=l 


y. sgn x. 


xl I 


p-2 


= 0 . 


By Theorem 5.3.1, MPB(X) = k(X) 
It is easily seen that 


O I I vl I 

Sup I 1 I • 

X JL y 


1 

kCx) 


= Inf 
a e R 
X X y 
1 ly 1 1=1 


ax-y! 1 


Inf I 
I y I 1=1 
X 1 y 
<^x-y X X 


ax-y i 


This means that for we have to find the minimum value of 

P 

1 laxryl I under the constraints that 

Jer 


(5 .4.1) 


n 

L 

i=l 

lYi! 

ii 



n 

i=l 

Yil 


sgn 

H* 

II 

O 

n 

i=l 

Xfl 

lax^-Yj^l 

p-1 

sgn 


These conditions become unwieldy in the general case, 
but give a nice result in the two-dimensional case. We give 
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the result in the following theorem, wherein will use the 
notation Mxl l_ = (S I x . I even when 0 < ^ ^ . 

Jl 1 ^ X • 

Theorem 5.4.2. For 1 < p < <» 


MPB(^^) = kCS,^) = Sup „ 

P P X e 

P L- 


Ixl I 


p-1 

p(p-l ^ I Ixl 


1 xl |P 

P 


Proof . The constraints (5.4.1) for the 
are 


case 


(i) 

(ii) 


1 I ^ + I Y2 I ^ 1 

Yf I Xf I ^ ^ ^2 ' ^2 * ^ ^ ^2 ~ 0 


(lii) x^laxi-Yj, |P'^ sgn{ax^-yj^)+X2lax2-y2|P'l (axj-y^) = 0. 

We assume that 0<x^<l,0<X2<l, y^<-Q ^ 

and a > 0 , and the other cases are similarly dealt with 


llax-yl|P - llax-yl|P"^ 

= llax-yl|P'^ 

TD""1 

= -(y^ lax^-y^ sgn (ax^-y^) 

+ y^lax^-YjiP-l 3g„ (ax2-y2)). 

TD"*! 

Putting the value of Iax 2 -y 2 l™ sgn (ax 2 ~y 2 ) (iii) 


1 ax-y I 


,p - y2^"yi^2 


P ^2 
and (ot-x^ -y^ ^ 


I dx^ **y 


p-1 . 

sgn (ax^,y^) 
which yields 
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a 


1 1 

, xP-l + V xP"- 

1 ^1 ^ ^2 ^2 


P 


P 


^-1 , p-1 


"1 ^ 


We can re-write condition (ii) as = ^2^ combining 

t-tiis with (i) we finally get 


x^Y2-X2y^ = 




.11 nd II ocx-y I 


+ xP‘P-^’)P 


X^ 1 ^ + I X2 I ^ 


(lx 2 d+IX 2 l ’)‘5 dx^lP^P'^’ + IXjlP'P'ltP 


Ixl ig 


1x11 11x11^/^ - \ 

q p(p-l) 


pjj--om this the result follows. 

■ »,— irk . The above theorem raises the following questions about 
, y-rri inequalities in spaces 


A .3 ) 


„ I 1x1 1^7^ , V 11x11 

Is k(£^) = sup ^ EiEZil 2 , 

P x e 1 Ixl |P 

P P 


fche answer is yes then we shall have 

-a < 2 


1 < 




IxIlP 


. 4 ) Is 1 < 


Ixl 1 


p -1 

p(p~l) 


1x1 


Ixl 




-3 < 2 for X e or ? 
- P P 
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The first inequality in (5.4.4) is of-course true for 
any as it follows from the convexity of the function 

f(r) = log I Ixl 1^ for 0 < r < «>. Putting p = ~ p(p-l)-^(l- “)q/ 

log I Ixl |P < i log I Ixl I 1 xl I ^ 

and so I Ixl 1? < I Ixl 1^7^ i ^ • • ^cl I . 

p “ p(p~l) q 


We can-not say for definite that the second inequality 


in (5.4.4) holds for all but for and when p is sufficiently 

close to 2/ it can be proved as follows: 


Case I. 2 < p < oo, then q < p < p(p-l) / hence 

1 __ 1 
q *“ p(p-l) 


xl I 


xllp(p.i) < I Ixl Ip and 1 < 


p(p-l) 


< n" 


From the second inequality/ , 

I Ixl 1^7^ 1 ^ I Ixl I < nP ^ 
p(p-l) q - 


'p(p-l) 


< 211x11^ / when p is sufficiently 

- P 

close to 2 . 

Case II. 1 < p < 2/ then p(p-l) < p < q/ hence as above 


xl 


'p(p-l) - 


< n- 


2~P 

p(p-iy 


I Ixl Ip/ and from this 


-"piyi) "-"r """q 


< 21 Ixl 1^/ when p is very nearly 2 
-■ P 
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We now proceed to find an expression for from 

which we calculate the values of >^(^ 3 ) and k(Ji|). For p = 5,6 
etc. the equations obtained can-not be solved by algebraic 
methods. 


X- 


Take x=(x^/X 2 ) P'lat t = -^ 


X. 


assuming 


1 x^ i > I ^2 I • Let 


A = 


1 1x1 1^7^ 1 ^ 1 '>^1 1 

p(p~i) 2 _ 

11 x 11 ^ 

1 1 

(l+tp^p-l^p (1+^ 


(lx^lP^P’^^lx2|P^P”^^)P(IXil^+lx2l^) 


Xj^ I P + 1 X 2 I P 


1 +t 


p 


dA 


For a maximum value of A, — = 0, hence t is given by 

p(i+t'J)(tP<p'^’-tP) - (i+tP)(t?‘p-i>-t‘5) = 0 . 

Dividing by t^/ and putting t*^ = Z/ 

p(l+z) CzP-U^Pfp-O) = (i+zP-l)(i.zP(P-2)). 


When p = 3 


3 (l+z) (z-z^) = (l+z^)(l-z^) . 


This reduces to a symmetric equation in z, putting z + ~ = y/ 
we get y -2y-6 = 0. Its admissible solution isy = l+ Y7/ 
hence 


A 


max 


1 3 2 
C 

3 


(i+tVL(i±tV 


i+t 

1 2 

Cl+z"^)^ (l+z)^ 
2 


1+z 
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1 

/ 2 1 .3 , i 

( z + — ( 2 4 . n 1 s 3 

2 

(z + i) 

2 


(17 + 7 f 7) 


When p 


4(l+z) z (1-z ) = 

This again reduces to symmetric -p^ 1 

putting z + — = y, we get 

the equation y -6y-4 = O which ig 2 „ r, • • 

(,y+2)(y -2y-2) = 0 giving 

y = 1 + Y3* Substituting the valug 


A 


max 


- 1 3 

(l+t^^)^ Cl+t3,4 

ltd ~~ 


- 3 

(1+z^)^ (Itzl ^ 
1+z^ 


/ 1 3 , 6,. 4 

(1-z +z ) 

3 

(l-Z+2^)^ 

1 

(1 + 1 ^ 3 )^ 


When p = 5 and p =6, 
tenth degree respectively, which 


9et equations of eighth and 
can-not be solved by algebraic 


methods 
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